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ARTICLE INFO ABSTRACT

Keywords: This paper provides a chronological review of publications that implement and advance the receptance coupling
Machining substructure analysis (RCSA) approach first applied to tool tip receptance (or frequency response function)
Milling

prediction for milling applications in 2000. The review topics mimic the RCSA approach, where the tool, holder,
and spindle-machine receptances are coupled analytically, and include: tool-holder receptance modeling;
connection modeling; spindle-machine receptances; and applications. The review paper summarizes contribu-
tions from multiple, international authors (198 papers) to these topics. It also provides a comprehensive resource
for those beginning an investigation into RCSA.

Dynamics
Receptance coupling
Frequency response function

1. Introduction - describing the non-rigid, damped connection between the tool and

holder and holder and spindle
Receptance coupling is a technique where component/substructure identifying the spindle-machine receptances by measurement and

receptances, or frequency response functions (FRFs), are joined analyt- modeling

ically to predict assembly dynamics. It was first introduced in 1960 by mathematical frameworks for completing RCSA predictions of as-

Bishop and Johnson [1] and has become a standard approach in struc- sembly dynamics from component receptances

tural dynamics modeling over the past decades. In 2000, Schmitz and application to milling stability prediction.

Donaldson [2] applied receptance coupling substructure analysis

(RCSA) for the first time to tool tip receptance prediction for The key advantages of the RCSA approach are:

tool-holder-spindle-machine assemblies used in milling applications. In

the following 20+ years, numerous authors have implemented and provides an analytical prediction of the tool tip FRF

improved the approach. Fig. 1 displays the number of RCSA-related enables models and measurements of assembly components to be

publications from 2000 to March 2022. Topics of investigation have coupled

included, for example: may include all measured or modeled vibration modes within the
desired bandwidth without computational penalty.

- modeling the tool and holder using analytical and numerical
solutions These are discussed in greater detail in the review paper, which
summarizes prior research studies and provides a comprehensive
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Fig. 2. Stability map for milling performance prediction. The map separates
stable and unstable (chatter) combinations of spindle speed and axial depth of
cut for a selected radial depth of cut.

resource for those beginning an investigation on this topic. The paper
concludes by describing remaining opportunities to address remaining
research and application gaps.

The paper is organized as follows. A description of the RCSA algo-
rithm is first presented to provide context and vocabulary for the
remaining sections. In these following sections, the research efforts are
grouped based on the RCSA modeling approach: Tool-holder receptance
modeling (in this paper, tool is used to denote the cutting tool, holder is
used to denote the tool holder, and tool-holder indicates the combina-
tion of the tool and tool holder); Connection modeling; Spindle-machine
receptances; and Applications. In each section, contributions are or-
dered by year of publication to demonstrate the sequence of research
discoveries and efforts. Conclusions are finally presented to complete
the review and identify remaining knowledge gaps.

2. RCSA description

The original intent of RCSA was to reduce the number of tool tip FRF
measurements required in production environments. Because the tool
tip FRF is a key input to milling stability analyses that separate stable
and unstable (chatter) combinations of spindle speed and axial depth of
cut, a measurement is typically required for each tool-holder-spindle-
machine combination [3-6]. For manufacturing facilities with many
machines or limited FRF measurement resources, this poses a significant
obstacle to the implementation of stability maps for optimized param-
eter selection; see Fig. 2. By enabling prediction of the tool tip dynamics
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Fig. 3. RCSA example for a cylinder rigidly coupled to a prismatic cantilever
beam to form an assembly.

from a limited set of information, the number of required tool tip FRF
measurements can be dramatically reduced.

There are three key advantages of the RCSA approach over the more
traditional finite element modeling approach used in machine tool
design. First, RCSA provides an analytical, closed-form prediction of the
tool tip FRF so it is computationally efficient. This enables a large
parameter space to be studied quickly (e.g., variation in tool tip FRF
with changes in the tool extension length from the holder). Second,
RCSA enables models and measurements to be seamlessly combined in
the frequency domain analysis. Those components with relatively sim-
ple geometries and few connections, such as the tool and holder, are
described using standard analytical or numerical modeling approaches,
including Euler-Bernoulli or Timoshenko beam models. Components
that are not convenient to model, such as direct drive milling spindles
with proprietary geometries and unknown bearing stiffness values, are
measured and archived. The model-measurement combination is
particularly relevant when assembly measurements are challenging,
such as tool tip FRF identification for micro-endmills. In this case, the
micro-endmills may be conveniently modeled, but it may not be possible
to provide a tool tip impact test due to the endmill size. Third, because
the RCSA vector calculations are performed in the frequency domain,
there is no computational penalty for including all measured or modeled
vibration modes within the desired frequency range.

In the following paragraphs, key elements of the RCSA procedure are
detailed to provide a basis for a review of the research efforts that have
followed the initial study [2]. The RCSA model includes: 1) transverse
deflections, x; and X;, for the components (lower case variables) and
assembly (upper case variables) due to internal and external forces, f;
and Fj; and 2) rotations about lines perpendicular to the beam axis, 6;
and ©;, and bending moments (or couples), m; and Mj, to completely
describe the transverse dynamic behavior of beams. To describe the
procedure, consider the cylinder-prismatic cantilever beam assembly
displayed in Fig. 3. This is representative of a tool (cylinder) rigidly
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Fig. 4. Cylinder and prismatic cantilever beam components for RCSA example.

attached to a holder-spindle-machine (prismatic cantilever beam).

To calculate the assembly receptances, all four bending receptances
are included in the component (i.e., cylinder and prismatic cantilever
beam) descriptions. These four bending receptances include
displacement-to-force, h;;, displacement-to-couple, lj, rotation-to-force,
n;j, and rotation-to-couple, p;j, where i is the displacement/rotation co-
ordinate location and j is the location where the force/couple is applied.
There are three primary steps followed to predict Fig. 3 assembly
receptances.

1. Define the components and coordinates for the model. In this
example, there are two components: a prismatic beam with fixed-free
(or cantilever) boundary conditions and a cylinder with free-free (or
unsupported) boundary conditions; see Fig. 4.

2. Determine the component receptances. These can be based on
measurements or models. For the models, an analytical choice is
closed-form receptances for flexural vibrations of uniform Euler-
Bernoulli beams with free, fixed, sliding, and pinned boundary
conditions [1,7]. A numerical option is the Timoshenko beam model
[8]. In either case, the fluted section of the endmill must be accu-
rately represented. This may be completed using an equivalent
diameter cylinder or a full finite element model with the actual flute
geometry; see Section 4. For measurements, tap testing may be
applied, where the structure is excited using a modal hammer
(impact force) or shaker-stinger combination (sinusoidal, chirp, or
other force profile) and the response is measured using a linear
transducer, such as a low-mass accelerometer [7].

3. Based on the model from step 1, express the assembly receptances as
a function of the component receptances from step 2. Determine the
assembly receptances using the component displacements/rotations,
compatibility conditions, and equilibrium conditions.

The procedure for coupling the components in Fig. 4 to form the
assembly in Fig. 3 requires the component receptances. In Fig. 4, co-
ordinates are placed at the prediction location (1) and coupling locations
(2a and 2b) on the two components. For the cylinder, the direct recep-
tances at the coordinate 1 end are shown in Eq. (1).

X X [
hl]:]‘_'lllll:m_lln”:]Tllp]l:m_ll (@]
The cross receptances are given by Eq. (2).
X1 X1 0, 0,
h a = 7 l a — a — 7 a = 2
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At coordinate 2a on the cylinder, the direct and cross receptances are
provided in Egs. (3) and (4).
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Fig. 5. Receptance coupling model for determining Gq; using a rigid connec-
tion. (Top) assembly. (Bottom) components.

Similarly, for the prismatic cantilever beam, the direct receptances at
the coupling location 2b are given by Eq. (5).

B Oy Oy
amab = by = —— Napoy = —— pavoy = ——

Ja myyp S myyp
To simplify notation, the component receptances may be represented
in matrix form as shown in Eq. 6 through 9 for the cylinder and Eq. (10)
for the prismatic cantilever beam. In Egs. (6)-(10) R;j is the generalized
receptance matrix that describes both translational and rotational
component behavior [9] and u; and gj are the corresponding generalized
displacement/rotation and force/couple vectors.
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The component receptances are written using the generalized nota-
tion: u; = Ruqy + R1249,, and uz, = Rzu1q, + R2q249,, for the cylinder and
uz, = Rapq,, for the prismatic cantilever beam. For a rigid connection
between the two components, the compatibility condition is u, — uy, =
0. This indicates there is no relative motion at the coupling location.
Additionally, if the component and assembly coordinates are at the same
physical locations, then u; = U; and u,, = uy, = U, (due to the rigid
coupling). The assembly receptances are written as shown in Eq. (11),
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which again incorporates the generalized notation.

U Gy G X; Hy Ly
{ 1}:{ 1 12}{Q1},whereU,»:{ }sGij:|: ij ]:|7and
U, Gy Gn| |0, O, N; Py

1D

To determine the four assembly receptances at the free end of the
cylinder, G11, the generalized force Q; is applied to assembly coordinate
U as shown in Fig. 5, where the generalized U; and u; vectors are shown
schematically as “displacements”, although they describe both trans-
verse deflection and rotation. The associated equilibrium conditions are
42, + g2, = 0 (i.e., the internal forces/couples are balanced) and ¢, = Q,
(because the component and assembly generalized forces are located at
the same spatial location).

By substituting the component displacements/rotations and equi-
librium conditions into the compatibility condition, the expression for
q2p shown in Eq. (12) is obtained. The component force qa4 is then
determined from the equilibrium condition ¢,, = — ¢y.

Uz — U2, =0 Royop@p — R2a1q1 — Raa2aq2, = 0 (Roaza + Rasos )Gy —
R21Q1 =0 gy, = (Rauza + Raszs) ' Raa @

The expression for Gy is given by Eq. (13). The (1, 1) location, Hy1,
in the 2 x 2 matrix, Gy1, is the displacement-to-force receptance
required for milling stability prediction.

(12)

-1
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Gu=r=,-= =
2 O 2, 2,
_ Hy Ly
Gu =Ry — Riza(Raza + Ropzy)” Rouy =
Nu Py

13

for a non-rigid coupling with energy dissipation (damping) between the
tool and holder, Eq. (13) is modified to include a connection stiffness
matrix, [K], as shown in Eq. (14).

L] 1

P]]

The complex-valued, frequency-dependent connection stiffness ma-
trix is defined in Eq. (15), where k indicates stiffness, ¢ represents
viscous damping, and o is frequency. The subscripts for the 2 x 2
stiffness matrix entries identify their function. For example, ks repre-
sents resistance to rotation due to an applied force.

H]l

N (14)

1\ 1
Gi =Ry — Ryzy (Raza + Rooy + K1) R2a1:|:
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_ kxf + ia)cxf
(K] kom ~+ i0Con,

= | ko + iw0Cn (15)

3. RCSA algorithm

In the initial RCSA study [2], three significant simplifications were
applied to predict the tool tip receptances.

- First, the tool was modeled as an Euler-Bernoulli beam. This
analytical approximation of transverse bending modes is sufficient
for long, slender beams, but loses accuracy for short, non-slender
beams [1,7,8].

Second, the holder-spindle-machine was modeled as a single sub-
structure. While this enables prediction of the effect of changes in
tool overhang length, which was the intent of the initial RCSA study
[2], the holder-spindle-machine measurement must be repeated for
each new holder. This limits the time savings relative to an approach
which treats the tool, holder, and spindle-machine as separate sub-
structures (or components).
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- Third, due to the difficulty in measuring rotational receptances, the h
receptance was measured on the holder-spindle-machine, while the [,
n, and p receptances were assumed to be zero.

Despite these simplifications, accurate predictions were presented
for a selected holder-spindle-machine substructure and endmill with
length-to-diameter ratios of 8:1, 9:1, and 10:1 using a single connection
parameter matrix (Eq. (15)); see Fig. 6. Additionally, the corresponding
stability maps were presented and the change in critical stability limit
was reported for a wide range of overhang lengths. Follow-on papers by
Schmitz and colleagues [9-11] expanded the experimental validation
using new tool-holder-spindle combinations with the same
simplifications.

In 2003, Park et al. [12] extended the RCSA approach to include
rotational receptances. One short and one long solid carbide rod were
inserted in a tool holder and measured by tap testing; rotational
receptances were extracted from direct and cross displacement-to-force
measurements. Burns and Schmitz [13] followed this work by incorpo-
rating rotational receptances in the holder-spindle-machine model in to
study the tool-holder connection parameters.

The next significant step forward in the RCSA approach was to
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Fig. 6. Predictions and measurements for a selected holder-spindle-machine
and endmill with length-to-diameter ratios of 8:1, 9:1, and 10:1. Predictions
were completed using a single connection parameter matrix and rigid rotational
FRFs for the holder-spindle-machine [2].
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Fig. 7. Tool tip FRF predictions for four different tool extension lengths from a
single shrink fit holder-spindle combination. The same connection parameters
were used for each prediction [8].
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Fig. 8. Nested assembly coupling results for four- and five-point coupling.
(Top) Model for n-point coupling. (Bottom) Results for the Euler-Bernoulli
composite beam (solid line), n = 4 (dotted), and n = 5 (dot-dashed) [21].

separate the holder from the spindle-machine to provide a three-
component RCSA model: tool, holder, and spindle-machine [14-18].
This provided a more general solution, where the spindle-machine
receptances are measured once and archived. Any tool-holder combi-
nation can then be modeled and coupled to the archived receptances to
predict the tool tip receptance. In the 2005 paper [14], Duncan and
Schmitz modeled the tool and holder using both Euler-Bernoulli [1] and
Timoshenko beam theory [8] and identified the spindle-machine
receptances using a standard artifact. This artifact was a simple geom-
etry holder blank that was inserted in the selected spindle-machine and
used to calculate the linear and rotational receptances by direct and
cross displacement-to-force measurements. Additional details for these
calculations are provided in Section 6. Fig. 7 provides comparisons be-
tween measurements and predictions with four different tool extension
lengths from a single shrink fit holder-spindle combination. The same
connection parameters were used for each prediction. It is seen that an
interaction between a spindle mode and the tool-holder mode occurs for
the 106.7 mm extension. Schmitz et al. [19,20] described the tool,
holder, and spindle-machine as “genes” in the “Machine Tool Genome
Project” and used RCSA to predict the assembly FRFs (analogous to
physical traits in the human genome) for pre-process parameter
selection.

In 2006, Schmitz and Duncan extended the three-component
approach to model nested assemblies with coincident neutral axes
[21]. Translational and rotational degrees of freedom along the
connection between the internal cylindrical tool shank and external
cylindrical tool holder were assigned. The approach included any
number of connection coordinates with equal and unequal spacing,
non-uniform cross-sectional components, and non-rigid contact in-
terfaces. Fig. 8 displays results for four- and five-point coupling of in-
ternal and external cylinders with FRFs that include the first three
free-free bending modes. It is seen that the five-point coupling solu-
tion more accurately represents the third mode; the four-point result
aliases the third mode shape.

In 2013, Albertelli et al. [22,23] described an approach to improve
the assembly receptance matrix using nine impact measurements to
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estimate the rotation-to-moment receptance. Wen et al. also modeled
three separate substructures: machine-spindle-holder taper, holder-tool
shank, and extended portion of the tool. They incorporated the
connection parameters as linear and rotational springs and dampers
[24]. Hu et al. presented an RCSA method with improved computational
efficiency, where an experimental receptance matrix was used to define
the spindle-holder joint characteristics [25]. The approach was pro-
posed to more accurately reflect nonlinearities in the system dynamics.

In 2016, Brecher et al. and Montevecchi et al. updated the RCSA
algorithm. Brecher et al. detailed an approach for determining the
spindle-tool interface dynamics using a simplified mathematical
formulation and three frequency response measurements on a single
artifact [26]. Montevecchi et al. described inverse coupling for deter-
mining the rotational degrees of freedom without additional experi-
ments [27]. Similarly, Fregolent showed experimentally that for a
decoupling case, rotational degrees of freedom can be neglected and
substituted with FRFs having translational degrees of freedom [28]. In
2017, Qi et al. [29] provided a receptance coupling analysis that
included rotations using a Timoshenko beam model and showed
experimental validation of the model. In the same year, Montevecchi
et al. [30] used two connection points and eliminated the measurement
and computation of rotational degrees of freedom in the use of RCSA to
predict tool tip FRFs.

In 2018, Liao et al. [31] described an experimental technique for
determining the rotational receptances from measured translational
receptances using a single setup. Gibbons et al. [32] then showed
instability in the use of finite differencing to determine rotational de-
grees of freedom when measurement spacing is small and data is
non-exact. A method for selecting optimized measurement spacing
based on analytical error analysis was presented. Next, Xuan et al. [33]
calculated rotational receptances by finite element analysis and
measured the translational receptances using modal testing. Ji et al. [34]
described two compensation strategies to compute the rotational stiff-
ness receptances with improved accuracy. In 2022, Iglesias et al. [35]
provided an overview of several dynamic characterization methods and
examined how each addresses effects which may or may not be captured
by other methods. The paper discusses traditional methods, including
impact hammer excitation, shaker excitation, and machine drive exci-
tation, and new methods, including excitation for rotating tools,
parameter extraction from cutting tests, operational modal analysis,
cutting force excitation modal analysis, and digital image correlation.
The relationship of these measurement methods to RCSA data collection
was described.

4. Tool-holder receptance modeling

Accurate models of the tool and holder are naturally required for
accurate tool tip receptance predictions. Many authors have addressed
this modeling issue. In 2003, Kivanc and Budak [36] described an
equivalent diameter beam for fluted endmills based on the
cross-sectional moment of inertia (or second moment of area). They
studied both static and dynamic models for endmills and holders. In
2004, the same authors [37] considered the relationship between fluted
geometry and modeled cross-sectional properties using RCSA. They
compared static and dynamic receptance predictions for carbide and
high-speed steel tools to measurements. In 2006, Koplow et al. [38]
derived an analytical solution for the response of a beam with a step
change in diameter. The authors compared the analytical solution to
experimental analysis and RCSA solutions.

In 2009, Zhongqun et al. [39] implemented a beam with two di-
ameters that represented the tool shank and fluted section, where the
equivalent diameter of the fluted section was based on the
cross-sectional moment of inertia. The inertia was calculated as the sum
of the inertias for each flute. Joint parameters between the tool and
holder were identified by nonlinear least-squares fitting using the
measured and predicted FRF. Filiz et al. [40] applied a
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Fig. 9. Cross-sections of carbide endmill prepared using electrical discharge machining (EDM). The MariLAB image processing toolbox was used to identify the image
boundary (periphery) and points were extracted to define the cross-section [43].

Table 1
Tool and holder modeling topics.
Topic References
Euler-Bernoulli beam model 1, 2,7-11, 102
Timoshenko beam model 14, 29, 42, 52, 56, 64, 65, 71, 94, 104, 119,
135, 150
Equivalent diameter for fluted 36-39, 41, 45
portion
Spectral-Tchebychev model 40, 43

spectral-Tchebychev technique with the Timoshenko beam model to
form a parameterized solution. They compared the predicted response to
a finite element model of the tool-holder assembly and validated the
approach experimentally. Kumar [41] described an equivalent diameter
beam model for estimating the dynamics of the fluted portion of end-
mills to avoid computationally expensive finite element analysis in
RCSA applications.

In 2011, Zhang et al. [42] presented an RCSA model for the
machine-spindle-holder-tool assembly, where measured
machine-spindle dynamics were coupled to Timoshenko beam models of
the holder and tool shank. This result was then coupled to a finite
element model of the tool’s fluted portion. In 2012, Bediz et al. [43]
described a model of the three-dimensional response for endmills based
on a spectral-Tchebychev technique. The model considered the actual
fluted geometry of the endmill and comparisons to experiments and
finite element analysis models were presented for bending, axial, and
torsional modes. Fig. 9 displays the sectioned geometry for a carbide
endmill used in the study. In 2015, Ozsahin and Altintas [44] predicted
tool tip FRFs using RCSA with helix angle and lag angle considered when
defining the fluted section of the endmill. They showed the variation in
tool tip response with angular spindle position. In 2018, Tunc [45]
implemented an STL slicing algorithm to determine the cross-sectional
properties of the fluted section of the endmill and used the slices to
develop an improved beam model for RCSA. Table 1 summarizes the
topics and associated references for the tool-holder receptance
modeling.

5. Connection modeling

The tool-holder connection stiffness and damping has received sig-
nificant attention in the literature. Despite best efforts by holder man-
ufacturers to provide a stiff interface, it cannot be considered rigid in
general. The complex-valued, frequency-dependent connection stiffness
matrix defined in Eq. (15) has been evaluated, and modified, by several

65

authors. Researchers have identified a dependence of the connection
parameters on holder type (e.g., thermal shrink fit vs. collet), tool
diameter, and tool extension length from the holder. In addition, the
spindle-holder connection stiffness and damping have also been studied
for the taper interface (e.g., HSK or CAT).

In 2003, Kivanc and Budak [46] used experimental data and finite
element analysis to perform static and dynamic analyses of tools with
varying geometry, where RCSA was used to combine individual com-
ponents. The authors evaluated effects of changes of tool parameters and
clamping conditions and coupling parameters were determined through
nonlinear least-squares fitting. In the same year, Schmitz and Burns [47]
examined potential simplifying assumptions when predicting tool tip
receptances by RCSA. Over a range of tool lengths, the authors
compared the least squares fit of the coupling parameters to a loga-
rithmic interpolation between the longest and shortest tool. Good
agreement was found between the predicted and measured tool point
receptances. In 2005, Agapiou [48] evaluated the stiffness of
holder-spindle interfaces by impact testing and finite element analysis.
Linear and rotational spring elements were compared to user-selected
angular stiffness in the numerical solutions.

In 2006, Ertiirk et al. [49] studied the effects of bearings and contact
parameters on the resulting tool point FRF using RCSA. A comparison to
finite element analysis predictions was provided. In the same year,
Budak [50] used RCSA to predict the tool tip FRF using joint parameters
identified by least-squares error minimization between prediction and
measurement. Movahhedy and Gerami [51] applied an optimization
method based on a genetic algorithm to find the spindle rotational re-
sponses from bending modes to determine the stiffness and damping
parameters. In the same year, Namazi [52] presented a model for the
holder-spindle interface using experimental data and finite element
analysis. The author used Timoshenko elements to model CAT and HSK
tapers while evaluating the effect of drawbar force on the interface
dynamics.

In 2007, Ertiirk et al. [53] concluded that variations in the values of
rotational contact parameters do not affect the predicted FRF as strongly
as translational parameters. They used average values for the rotational
terms and analyzed the effects of bearing dynamics, spindle-holder
interface dynamics, holder-tool interface dynamics, and bearing and
interface damping values on the predicted tool tip FRF. Lee and Hwang
[54] used a gradient-based optimization algorithm to identify connec-
tion parameters. They evaluated the method for noisy FRFs and found
that it was able to accurately identify connection stiffnesses, while
damping parameter accuracy decreased with noise level. Also in 2007,
Ahmadi and Ahmadian [55] modeled the tool-holder joint as a zero
thickness interface with variable stiffness. Damping in the selected
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Fig. 10. Finite element model for 19.1 mm diameter carbide tool blank inserted in steel tapered shrink fit holder. The base of the holder was held fixed, while the end

of the tool was unsupported [57].

model was displacement dependent. Namazi et al. [56] used uniformly
distributed springs to model the holder-spindle taper contact and iden-
tify the spring constants by error minimization between experiment and
model. The holder-tool was modeled by Timoshenko beam elements.
The authors also modeled the influence of wear at the contact by
removing springs from the holder-spindle interface. Schmitz et al. [57]
used a finite element modeling approach to determine connection pa-
rameters for a shrink fit holder. Position-dependent stiffness and viscous
damping values between the cutting tool and holder were used to
determine the tool tip FRF by RCSA. The ANSYS finite element model is
shown in Fig. 10 with 6324 20-node cubic elements (SOLID184), 768
8-node contact elements (CONTA174), and 768 8-node target elements
(TARGE170) were applied, where the flexible-to-flexible contact/target
elements were located at the interface between the tool and holder; this
gave a total of 29467 nodes.

In 2008, Mascardelli et al. [58] used measurements of gage tools to
determine spindle dynamics and coupling parameters. They then
implemented RCSA to predict the dynamics and stable machining con-
ditions for micro-endmills. OZ§ahin et al. [59] determined tool-holder
contact parameters for a limited set of tool diameters and extensions
lengths experimentally. These results were used to train a neural
network for the estimation of parameters in other assembly configura-
tions. Park and Chae [60] evaluated the dynamics of modular tooling
(screw-on type milling cutters) to identify the joint parameters at the
connection.

In 2009, O. Ozsahin et al. [61] simplified the RCSA equations to
obtain a closed-form solution for the complex stiffness matrix at the
tool-holder and spindle-holder joints. They found that the solution was
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highly sensitive to noise due to the required matrix inversions. In 2010,
Ahmadian and Nourmohammadi [62] combined a measured
spindle-machine FRF with analytical tool and holder FRFs and distrib-
uted joint interfaces between the three components. The approach was
used to model different tool-holder combinations assuming the same
conditions at the interfaces. Rezaei et al. [63] applied inverse RCSA to
extract tool-holder joint parameters. These parameters were used to
predict FRFs for tools with varying extension lengths.

In 2011, Mancisidor et al. [64,65] presented the use of a fixed
boundary approach and Timoshenko beam model with restrained
movement to determine the free-free response of the tool. In 2012,
Rezaei et al. [66] described an inverse RCSA method, where the
tool-holder FRFs were determined by measurement and the analytical
tool was removed from the holder response. In this method, the joint
parameters were a function of the holder and did not need to be iden-
tified specifically. Ghanati and Madoliat [67] used finite element ana-
lyses to model continuous tool-holder and holder-spindle boundaries
and determine coupling parameters. The authors presented a method
that used the measured FRFs of the machine-spindle and the tool-holder
model to predict tool tip FRFs.

In 2013, Wang et al. [68] used particle swarm optimization to
identify the connection parameters between a tool and holder given
artifact measurements of the spindle dynamics. Zhai et al. [69] evalu-
ated the stiffness of the holder-spindle joint under varying drawbar
forces. Mehrpouya et al. [70] compare the use of inverse RCSA and a
point-mass model to identify joints in an assembled structure. The au-
thors concluded that the two methods yielded similar results, while in-
verse RCSA method required fewer measurements and computation



T. Schmitz et al.

Tool mode Measurement, |
104+ Prediction

Precision Engineering 79 (2023) 60-77

Tool mode Measurement
in4t Prediction

Frequency (H

Fig. 11. Tool tip FRF predictions and measurements. (Left) 12.7 mm diameter tool with 112.70 mm length. (Right) 19.05 mm diameter tool with 113.77 mm

length [87].

time. Building on their 2011 studies in 2014, Mancisidor et al. [71]
presented the use of a fixed boundary approach and Timoshenko beam
model with restrained movement to determine the free-free response of
the tool. The authors demonstrated improved accuracy in RCSA results
for slender tools versus non-standard tools. A comparison was provided
between stability limits generated using FRF measurements, FRF pre-
dictions by RCSA, and cutting tests. The amplitude and frequency be-
tween measured and predicted FRFs were compared for slender and
non-slender tools in three types of tool holders and three different ma-
chine spindles. Also in 2014, W. Xiao et al. [72] reported a finite element
model with solid spindle and holder elements and a zero thickness, zero
mass joint element containing stiffness and damping. Joint parameters
were extracted from measured FRF data. The radial, tangential, and
axial effects of the interface were considered. Liu et al. [73] used inverse
RCSA to isolate the modal parameters of a high speed face mill from
machine effects for improved dynamic design of the tool.

In 2015, Mehrpouya et al. [74] used inverse RCSA to determine the
properties of joints by comparing the differences in measured versus
predicted structure receptances. The application was the dynamic pre-
diction of new structures with the same joint configuration. Grossi et al.
[75] analyzed collet, shrink fit, and hydraulic tool-holder connections
based on three-dimensional solid element modeling. Finite element so-
lutions were compared to free-free boundary condition impact tests.
Accuracy improvement in receptance predictions were shown for finite
element analysis versus single degree of freedom beam models. Ozsahin
et al. [76] recognized that bearing dynamics change due to gyroscopic
moments, centrifugal forces, and thermal expansion during high speed
machining operations. They simultaneously employed an inverse sta-
bility solution for the chatter problem and Timoshenko beam models
with RCSA as a novel and accurate method to identify bearing stiffness
and damping under operational conditions. A stability diagram was
presented that included the effects of gyroscopic moments and bearing
stiffness variations.

In 2016, Zhu et al. [77] identified holder-tool coupling parameters
by inverse RCSA; a Cuckoo search algorithm was implemented to
determine the complex stiffness matrix. In the same year, Mehrpouya
et al. [78] presented a six degree of freedom model for each assembly
joint and include translational and rotational FRFs with consideration
for the inertial properties of the joint. Matthias et al. [79] described a
method to determine tool-holder contact parameters from free-free
measurements. An ER32 collet connection was investigated with vary-
ing tool diameters, clamping torque, extension length, and tool material.
The authors showed that multiple parameter sets are valid for a single
setup, but only the parameters found via free-free measurement were
capable of producing accurate predictions for different extension
lengths. Yang et al. [80] predicted the tool tip FRF of a tool in a collet
holder by modeling the joint interfaces of the collet-holder and
collet-tool assemblies as distributed zero thickness damped-elastic
layers. Yang et al. [81] also modeled the tool-holder-spindle assembly
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Fig. 12. Second-order variation in the rotation-to-moment stiffness with tool
diameter [87].

as four substructures (spindle-holder, tool shank, tool flutes, and
tool-holder interface). They modeled the tool-holder joint as a
zero-thickness distributed layer with spring-damper elements.

In 2017, Liao et al. [82] described a relationship between contact
stiffness and load based on Hertzian contact and fractal geometry the-
ories. They evaluated the effects of radial interference, insertion length,
and rotational speed on contact behavior for RCSA predictions. Pour and
Ghorbani [83] used RCSA and a multi-objective optimization algorithm
(NSGA-II) to evaluate coupling parameters based on contact length,
clamping torque, and tool length-to-diameter ratio.

In 2018, Yang et al. [84] used a double joint model to account for the
tool-collet and collet-holder interfaces using two sets of spring-damper
elements to determine the three-dimensional dynamics for a
spindle-holder-tool system. In 2019, Hung et al. [85] presented a com-
parison between tool tip frequency responses determined by finite
element models of the entire machine tool structure to those calculated
by RCSA using individual substructures to evaluate machine tool design
performance. Also in 2019, Wan et al. [86] evaluated the spindle-holder
contact characteristics and pressure distributions under clamping and
centrifugal forces. Schmitz et al. [87] applied a 7-point coupling model
between the holder and tool for four tool diameters and 16 total
extension lengths. The authors showed a second-order dependence on
the rotation-to-moment stiffness parameter which varied by tool diam-
eter when all other complex stiffness matrix terms were kept constant.
Fig. 11 displays tool tip FRF predictions and measurements for two tool
diameters with nominally the same extension length. The variation in
kom from Eq. (15) is shown in Fig. 12; all other parameters were kept
constant. The second order dependence was:



T. Schmitz et al.

v,

Holder flange
Holder taper

Uz
Uz, Uy

+
+ o+, u

+ .+
L —

11T

Fig. 13. Three-component RCSA model with the spindle-machine identified as
component III. (Top) assembly. (Bottom) components [14].

Us

+

U,

_1_

Artifact

Uz, I,

+

I

II

Fig. 14. Artifact-spindle-machine model. (Top) assembly. (Bottom) compo-
nents [14].

ad
kom = ad® +bd + ¢ (% - m> (16)

where d is the tool diameter in mm, a = —284 (—336.2, —71.85), b =
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8824 (5488, 12160), and ¢ = —43940 (—62870, —25010). For the fitting
parameters a-c, both the mean value and the 95% confidence bounds are
provided.

In 2020, Cica et al. [88] compared a genetic algorithm (GA), simu-
lated annealing (SA), and particle swarm optimization (PSO) as soft
computing methods for identifying spindle-holder-tool contact param-
eters. They used an adaptive neural fuzzy interference system (ANFIS) to
predict holder-tool contact parameters. In 2021, Astarloa et al. [89] used
RCSA to characterize the clamping conditions of a boring bar and predict
the tool tip FRFs for boring bars with varying lengths. Brecher et al. [90]
identified coupling parameters using a free-free approach for a heat
shrink HSK-63A tool-holder combination. They used a finite element
model to describe the asymmetric geometry of the interface portion of
the holder. Beam models were used from the flange to tool tip. They
selected an objective function to minimize the weighted difference be-
tween the frequencies of the predicted and measured resonant peaks.
They modeled an effective diameter by using coupling coefficients from
measurement of blanks and optimizing for diameter. In 2022, Akbari
et al. [91] developed a method for modeling the contact dynamics of a
tool in holder under free-free boundary conditions based on a nonlinear
optimization of the sound spectrum of the impacted tool.

6. Spindle-machine receptances

As noted in Section 3, in 2005 Duncan and Schmitz [14] applied a
three-component RCSA model and identified the spindle-machine
receptances using a standard artifact; see Fig. 13, where the tool is
component I, the holder is component II, and the spindle-machine is
component III, which contains the machine, spindle, portion of the
holder inside the spindle (i.e., the taper), and the holder flange. This is a
convenient separation point for the holder because the flange geometry
is consistent for any spindle-holder interface, such as HSK-63A or
CAT-40. This is required for automatic tool changers to have a uniform
geometry to grip.

As shown in Section 2, the tool (component I) and holder (II)
receptances can be modeled using beam theory and the generalized
receptance matrices, Ry, can be populated. For the spindle-machine (III),
however, measurements are necessary because the required information
is not generally available to accurately model this complex component.
To enable identification of both the displacement and rotation recep-
tances, a standard artifact is inserted in the spindle. The artifact-spindle-
machine model is displayed in Fig. 14. It is composed of the portion of
the artifact beyond the spindle flange (component II) and the spindle-
machine (component III), where the spindle-machine receptances are
required to predict the tool tip receptances for arbitrary combinations of
tools and holders inserted in the selected spindle-machine.

The artifact-spindle-machine receptances are written by modifying
Eq. (13). By replacing coordinate 1 with 2, coordinate 2a with 3a, and
coordinate 2b with 3b, the assembly receptances in Eq. (16) are
obtained.

Ly }
Py

unlike the tool-holder-spindle-machine model, where the desired pre-
diction outcome is the tool tip assembly receptances contained in the
generalized matrix G171 (Eq. (13)), the intent in this case is to determine
the component receptances Rzp3p. This generalized receptance matrix
contains the receptances for the spindle-machine, which are not
conveniently modeled or measured. To determine Rspgp, an inverse
RCSA approach is applied where Eq. (16) is rewritten to solve for Rgpzp.
See Eq. (17).

Hy,

N (16a)

Gy =Ry — Roze(Raa + Rups) 'Racz = {

_ h
Rz =R (Raz — G2z) ' Rozy — Rigsa = { 30sb 17)

L3y
N3p3p

P3v3p

Here, the Gyo assembly receptances are measured, while the Ray,
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Fig. 15. Direct and cross artifact-spindle-machine assembly measurement lo-
cations used to determine assembly rotation-to-force receptance Nop [92].
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Fig. 16. Comparison of 0 rpm measurement (solid line) to 10,000 rpm mea-
surement (dashed) and prediction (dotted) for 25.4 mm diameter tool inserted
in a collet holder. A significant change in the tool point FRF with speed is
observed [95].
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Ro3q, R3q2, and Rgq3, component receptances are modeled. As before,
either Euler-Bernoulli or Timoshenko beam models may be applied to
describe the component receptances. To determine the four Gyo recep-
tances, the displacement-to-force direct receptance Hs, :’F(—:
measured by tap testing, where an impact hammer is used to excite the
artifact-spindle-machine assembly at coordinate 2 and the response is
measured at the same location using a low-mass accelerometer or other

linear sensor. To find the rotation-to-force receptance N,

may be

= ‘;’—22, a first-
order finite difference approach may be implemented [92]. By
measuring both the direct receptance Hy; and the cross receptance
Hop = ’% Noo (18). The
displacement-to-force cross receptance Ha,o is obtained by exciting the
assembly at U, and measuring the response at coordinate Uaq, located a
distance S from the artifact’s free end, as shown in Fig. 15. Equivalently,
Hjy, could be measured, where the linear transducer is placed at Us and
the force is applied at Usag.

may be calculated using Eq.

Hy — Hyp  Hy — Hx,
S - S

The other off-diagonal term in Eq. (16) Gy matrix term is assigned
by reciprocity, Lys = Na. Finally, Py may be determined by synthesis
using Eq. (19) [93]. Given a fully populated assembly matrix, Goa, Eq.
(17) may be used to determine the spindle-machine receptances and this
result may be archived and used to predict the tool tip receptance for any
tool-holder combination.

Hy= 18)

(2] F, X, O 1
222 2*—Lzz[\’zz:

Hy,

2
NZZ

Py =
Hy

19

My X, My F,

In 2006, Budak et al. [94] described an analytical method that
employed Timoshenko beam theory, RCSA, and structural modification
techniques to model spindle-holder-tool assemblies in machining cen-
ters to predict the tool point FRF. The method was applied to optimize
the spindle geometry and bearing locations for maximum dynamic
stiffness at a desired frequency or frequency range. The technique was
improved chatter stability by prescribing tooling and clamping condi-
tions. In 2007, Cheng et al. [95] measured artifact displacement-to-force
receptances during rotation to capture the speed-dependent spindle
dynamics. These measurements were coupled with tool-holder models
to predict speed-dependent tool tip FRFs and the corresponding milling
stability map. Fig. 16 shows non-rotating and at-speed FRFs measure-
ments and predictions. It is seen that the FRF magnitudes and fre-
quencies shift with spindle speed.

In 2010, Park and Rahnama [96] applied modal testing of a shaft in a
rotating spindle to determine the variation in spindle dynamics at speed.
These machine-holder dynamics were coupled with a tool model to
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Fig. 17. Euler-Bernoulli (E-B) fixed-free beam fitting to identify rotational spindle-machine FRFs. (Left) A single measurement is performed at the free end of an
artifact mounted in the spindle and each mode is fit as a fixed-free E-B beam. (Right) Comparison of rotation-to-force FRFs using the E-B approach and synthesis,
where direct and cross FRFs are differenced to determine rotation. The E-B approach is able to identify the rotational FRFs using a single measurement [98,99].
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predict the tool point response. In 2012, Ozturk et al. [97] used inverse
RCSA to identify spindle dynamics with changing preload. Also in 2012,
Kumar and Schmitz [98,99] used a single, direct FRF measurement of an
artifact mounted in a spindle to identify displacement and rotational
spindle-machine receptances. Each mode in the direct FRF was fit as a
fixed-free beam using a close-form Euler-Bernoulli model [1]. The
rotational receptances were then obtained from the same beam models.
A comparison between the Euler-Bernoulli fixed-free beam fitting
approach for determining rotational FRFs and the synthesis approach,
where direct and cross FRFs are combined (see Egs. (18) and (19)), is
provided in Fig. 17. In 2013, Ganguly and Schmitz [100] presented the
use of particle swarm optimization to fit the artifact-spindle-machine
displacement-to-force modal parameters versus the prior manual
fitting approaches. Fixed-free Euler-Bernoulli beams were used to model
each mode in the measurement bandwidth.

In 2015, OZ§ahin et al. [101] addressed differences that are observed
between the stability maps predicted by FRFs measured at the idle state
and the actual stability behavior during machining. To identify the
in-process tool point FRF, they presented a reverse solution of the
chatter eigenvalue problem. Zhu et al. [102] applied the
three-component RCSA approach to rotating FRF prediction by defining
three substructures: the machine-spindle-holder-partial tool (inserted in
the holder), the extended shank, and the fluted section of the tool.
Measurements on the rotating tool shank were coupled to an
Euler-Bernoulli beam model of the fluted section to predict rotating tool
tip FRFs. The direct measurement of the rotating shank receptances
eliminated the need to define the tool-holder coupling parameters.

In 2016, Grossi et al. [103] used cutting test results for an initial
screening tool to determine speed-dependent FRFs and stability maps.
Inverse RCSA was next applied to determine the speed-dependent
spindle response without the tool. The rotating response for an arbi-
trary tool length was then determined by coupling to the rotating spindle
solution. In 2017, Yan et al. [104] measured rotating spindle dynamics
by impact testing on a smooth rotating tool with an accelerometer
mounted on a stationary spindle head. Rotating spindle dynamics were
coupled with finite element models of an actual tool using RCSA to
predict the rotating tool tip FRF. In 2018, Jasiewicz and Powatka [105]
used inverse RCSA to predict the spindle dynamics for a lathe and
eliminated the measurements required to identify rotational degrees of
freedom. Also in 2018, Li et al. [106] used experimental modal analysis
to determine the machine-spindle-holder dynamics and applied RCSA to
predict the tool tip FRF. Stability maps were then generated.

In 2019, Cong et al. [107] used RCSA to predict the tool tip FRF for a
tool inserted in an aerostatic spindle and studied variation in spindle
bearings and drawbar force conditions. RCSA coupling parameters were
identified for the tool-holder and holder-shaft connections. Ozsahin
et al. [108] measured spindle dynamics using non-contact excitation and
provided spindle speed-dependent mode shapes based on finite element
analysis. Tool tip FRFs were predicted by coupling the tool model with
the measured spindle dynamics.

In 2020, Ji et al. [109] used FRFs measured on the milling tool shank
and an RCSA model of the fluted section to determine speed-dependent
FRFs. The method provided a reduction in error due to measurement
noise and uncertainty in the stability limit between a smooth rod (used
in other publications) and the actual endmill. In 2021, Kim et al. [110]
compared and analyzed the limitations of multiple compensation stra-
tegies to estimate rotational receptances. In 2022, Ji et al. [111] pre-
dicted rotating tool tip FRFs based on measurements of the tool shank
near the holder interface. RCSA was used to predict the tool tip FRF
considering a parameterized model of the fluted section of the tool.

7. Applications
Given the predictive capability afforded by RCSA, many research

groups have applied it to assembly dynamics prediction in milling and
other scenarios. This section lists these applications that stem from the
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Fig. 18. Example 3-D stability surface for 12.7 mm diameter tool milling an
aluminum alloy (two flutes, 100% radial immersion) [118].

2000 paper [2] and subsequent method improvements.

In 2003, Schmitz et al. [112] described an Internet-based application
to enable pre-process milling parameter selection for stable cutting
conditions by RCSA. In 2004, Park and Altintas [113,114] used low-cost
piezo-electric force sensors integrated into the spindle housing to mea-
sure cutting forces during milling. A Kalman filter was used to remove
the effects of structural modes and reconstruct actual forces at the tool
tip from the distorted forces measured by the sensors. RCSA was used to
update the filter with changes in tool length. Kiefer [115] described a
non-contact electromechanical actuator that was used to measure modal
characteristics of a machine tool. The author used three receptances
measured by the actuator to characterize the machine dynamics and
predict the tool tip FRF by RCSA. Burns and Schmitz [116] demonstrated
that, for certain tool extension lengths from the holder, the tool dy-
namics couple with the spindle dynamics and result in a dynamic
absorber effect and increased dynamic stiffness. Schmitz [117]
described a compensation method for correcting measurements
collected using non-ideal sensor placement. By combining experimental
data with modeled responses using RCSA, the response at a desired
location was predicted without conducting tests at that location. This
method enabled selection of high signal-to-noise ratio measurement
locations. Schmitz et al. [118] expanded the traditional stability map
with spindle speed and axial depth of cut to include a third dimension
describing the dependence on endmill extension length. The dependence
was determined analytically using RCSA for a given tool and was
implemented for tool tuning applications to optimize material removal
rates. An example 3-D stability surface is provided in Fig. 18, where the
vertical axis is the limiting depth of cut to avoid chatter, byp,.

In 2005, Cheng et al. [119] used RCSA to predict tool tip dynamics
for micro-scale endmill applications. Timoshenko beams were used to
model the tool and holder. Duncan et al. [120] applied RCSA to inves-
tigate the effect of interactions between modes of individual structures
which, when combined, result in an increased dynamic stiffness and an
associated improvement in the critical stability limit. This effect was
evaluated for a stacked flexure and spindle-holder-tool assembly.

In 2006, Park [121] implemented RCSA to predict the transfer
function between force experienced at the tool tip and spindle-mounted
piezoelectric force sensors. The system provided force calibration for
varying tool extension lengths. In 2007, Ertiirk et al. [122] assessed the
effects of system design and operating parameters on the tool tip FRF
and chatter stability using RCSA with a Timoshenko beam model. The
authors showed that it is possible to modify the stability map and
maximize the chatter-free material removal rate by selecting favorable
system parameters using RCSA. Dhupia et al. [123] used nonlinear RCSA
to predict the tool tip FRF for a column-spindle structure. Weak non-
linearities at the joints resulted in modifications to the structural dy-
namics and stability behavior with force amplitude changes.



T. Schmitz et al.

/ b -

/ /

/

Hollow Keyseat cutter

(shaded)
Collet nut :\l'casurcmcm
adapter
x10°
= 5 1
£ ]
= s
'g 0 [‘ f.......m»«-—-«-—-m-w-
g s : . L
0 1000 2000 3000 4000 5000
x10°
T 0 %,
z 18
: - | <
= H
g -10 Ir
0 1000 2000 3000 4000 5000

Frequency (Hz)

Precision Engineering 79 (2023) 60-77

Measurement
adapter

D, /

255

_|_

54.5 mm Keyseat cutter

(teeth not shown)

x10°®
z
©
o)
o
2000 3000 4000 5000
x10°®
2
~ 0 . ot
€2 1
E ]
2, ]
g-
'8 1 1 1 1 ]
0 1000 2000 3000 4000 5000

Frequency (Hz)

Fig. 19. Torsional and axial FRF modeling by RCSA. (Top left) Keyseat cutter model. (Top right) Measurement adapter used to measure torsional FRF. (Bottom left)
Measured and predicted torsional FRFs. (Bottom right) Measured and predicted axial FRFs [128].

In 2009, Banerjee et al. [124] used RCSA and string test measure-
ments for tools with high flexibility which can be difficult to measure by
impact testing. Malekian et al. [125] developed a mechanistic force
model for ploughing and shearing in micro-milling based on run-out,
dynamics, and elastic recovery of the material. RCSA was imple-
mented to determine the dynamic response since tool tip measurements
were not feasible. In 2010, Malekian et al. [126] identified the shear,
rotational, and axial dynamics of a bovine intervertebral disc using
modal analysis and RCSA. The dynamics of discs with and without
fusion were compared. In the same year, éz§ahin etal. [127] presented a
structural modification method using RCSA to compensate the mass
effect of accelerometers during a dynamic measurement. The study
showed discrepancies between accelerometers and laser vibro meters for
FRF measurement of the same structure. Schmitz [128] described the
use of RCSA to predict torsional and axial responses for a free-free beam.
The method was applied for two tool-holder-spindle-machine assem-
blies. Example prediction and measurement results for a 38.7 mm outer
diameter, 16-tooth high-speed steel key seat cutter clamped in a collet
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holder are shown in Fig. 19. Dan et al. [129] predicted the performance
of a gantry-style machine design by coupling a finite element model of
the machine with a tool to predict tool tip dynamics by RCSA.

In 2011, Mehrpouya, and Park [130] used RCSA to model the dy-
namics of an atomic force microscope (AFM) setup and probe. In 2012,
Ding et al. [131] modeled spindle-workpiece dynamics using RCSA for a
diamond turning application. Also in 2012, Ding et al. [132] described
the use of RCSA to determine the tool tip response as an input to time
domain simulation of milling. In 2013, Law et al. [133] studied
position-dependent tool tip FRFs using RCSA. The tool-holder response
for three different machine substructure models was presented. In 2014,
Law et al. [134] used RCSA to evaluate the performance of a mobile
machining system with varying boundary conditions that resulted in
different connection stiffness and damping. Ozsahin et al. [135]
employed a Timoshenko beam model, which included the effect of gy-
roscopic moments, for modeling rotor segments. Sub-segment FRFs were
obtained analytically and coupled using RCSA. The results indicated that
the use of the Timoshenko beam model and RCSA significantly reduced
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Fig. 20. Application of RCSA to thin rib machining. (Left) Beam model for RCSA where the two components and associated coordinates (1 and 2a for the free-free
component and 2b for the fixed-free component) are identified (top) and the assembly and associated coordinates (1 and 2) are shown (bottom). (Right) Graphical
comparison of experiments (squares) and RCSA (line) natural frequency, f,, predictions as the rib is machined from right to left. The initial increase in natural

frequency is because the mass is reducing more quickly than the stiffness [147].
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Fig. 21. Mass loading compensation for FRF measurements by RCSA. (Left) Piezoelectric accelerometer attached to the free end of a 6.35 mm diameter rod with 89
mm extension length from an ER16 collet holder using modal wax. (Right) Measured and compensated FRFs with comparison to non-contact laser vibration for

validation [148,149].

computation time compared with finite element analysis without loss of
accuracy. Li et al. [136] applied RCSA to a workpiece-chuck assembly to
predict the FRF for a lathe workpiece. The authors evaluated the effects
of various calibration shafts.

In 2015, Law and Ihlenfeldt [137] modeled the position-dependent
dynamic behavior for a three-axis milling machine. Receptances at the
contacting interfaces were projected to a point to facilitate a
multiple-point RCSA solution. Law et al. [138] also used RCSA to predict
tool point responses and state-space coupling to predict the changing
nature of the plant model for mobile machines in with varying boundary
conditions. Yang et al. [139] used the dynamics for all axes to predict
tool tip bending, torsional, and axial receptances by RCSA. They also
described a method for eliminating the effect of the adapter mass on
torsional and axial receptances. Schmitz [140] evaluated the potential
effects of retention knob geometry on the spindle-machine dynamics.
Wang et al. [141] described a non-contact electromagnetic loading de-
vice to determine the frequency response of a spindle over a range from
0 to 12000 rpm.

In 2016, Munoa et al. [142] reviewed methods for chatter suppres-
sion in milling. RCSA was applied for tool and holder selection based on
predicted dynamics and stability for a given tool length and diameter.
Law et al. [143,144] presented a method for determining the free-free
response of a mobile machine tool by decoupling (inverse RCSA) the
mounted machine’s dynamics from the dynamics of the system to which
it is mounted. Jin and Koya [145] predicted the torsional-axial vibra-
tions in drilling while including the boundary condition dynamics.

In 2017, Zhang et al. [146] determined pose-dependent spindle dy-
namics. They used RCSA to account for swivel motion and rotary motion
at arbitrary locations from three orthogonal postures. Schmitz and
Honeycutt [147] used two analytical approaches for predicting thin rib,
fixed-free beam dynamics with varying geometries. The first approach
applied the Rayleigh method to determine the effective mass for the
fundamental bending mode of the stepped thickness beams and Casti-
gliano’s theorem to calculate the stiffness both at the beam’s free end
and at the change in thickness. The second method used RCSA to predict
the beam receptances at the same two locations by rigidly connecting
receptances that describe the individual stepped beam sections. The
component receptances were derived using the Timoshenko beam
model. A comparison between the RCSA predictions and experiments for
thin rib machining is presented in Fig. 20.

Kiran et al. [148,149] removed the effects of mass loading and en-
ergy dissipation through cable interaction using RCSA for
accelerometer-based impact testing. Fig. 21 shows the experimental
setup and compensation results. This approach is particularly important
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for small diameter tools with low modal mass values. Xiaohong et al.
[150] used RCSA to predict the tool tip FRFs for micro-endmills. A
comparison was made between Timoshenko and Euler-Bernoulli beam
models for the tools. Vasquez [151] described the use of structural dy-
namics information for pre-process parameter selection. The author
proposed the integration of RCSA into computer aided manufacturing
(CAM) software to enable simulation of the dynamic results in a virtual
environment.

In 2018, Bansal and Law [152] implemented RCSA to tune and locate
a tuned mass damper on a slender boring bar to increase the assembly’s
dynamic stiffness. Honeycutt and Schmitz [153] used RCSA to predict
the response of a stepped beam using the Timoshenko beam model. They
performed additional predictions and measurements for configurations
where the stepped thickness was modified by machining. Wang et al.
[154] used RCSA to predict micro-endmill tool tip FRFs;
three-dimensional stability and surface location error diagrams were
generated. The authors showed that stability was affected more strongly
than surface location error by changes in tool length. Ealo et al. [155]
used inverse RCSA to evaluate multi-body structures with several joints.
They maintained calculation precision and conditioning by evaluating
each joint independently. Jasiewicz and Powatka [156] predicted re-
sponses for the machine-tool-holder-workpiece dynamics for a work-
piece mounted in a turning setup using measured spindle receptances
and an analytical workpiece model. Junior et al. [157] implemented
RCSA within a Monte Carlo simulation to identify the FRF uncertainty
given uncertainty in tool length and diameter. Postel et al. [158] used
FRFs collected during rotation to predict speed-dependent spindle dy-
namics by RCSA. Mohammadi et al. [159] described an analytical
approach to modify the dynamic response of a machine tool for chatter
mitigation. They predicted individual substructures and tuned them
using RCSA. Their approach enabled operation-based tool diameter and
length modifications to reduce chatter.

In 2019, Barrios et al. [160] used RCSA to couple a thin-walled part
and robot to determine the stiffness of the assembly in a robot-assisted
machining operation. Wang et al. [161] applied RCSA and transfer
path analysis (TPA) to determine the tool-holder and
workpiece-dynamometer contact parameters and compensate cutting
forces measured by a dynamometer. Kiran and Kayacan [162] estimated
changing workpiece dynamics during milling using RCSA to model the
machined and unmachined areas. Inverse RCSA was used to identify the
boundary condition at the clamped interface. Nagesh and Law [163]
described asymmetric dynamic properties for improving the dynamic
response of machine tool structures using dynamic absorber principles.
Lu et al. [164] used RCSA to predict the tool tip FRF for a micro-endmill
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Fig. 22. Modal interactions for tool-holder-spindle-machines. (Left) Comparison of tool point FRFs for four tool extension lengths. (Right) Comparison of machine-
spindle (solid line), 40 mm tool extension (dotted line), and 50 mm tool extension (dashed line) FRFs [170].

while including the centrifugal force and gyroscopic effects for high
speed rotation.

In 2020, Yadav et al. [165] studied designs of integrated tuned mass
dampers using analytical solutions for a damper placed at the free end of
the bar. They used RCSA to identify optimal locations for the damper,
which may differ from the free end of the boring bar. Chen et al. [166]
applied RCSA with frequency response testing at pre-arranged postures
and a standardization process to predict the tool tip FRF for an industrial
milling robot at any posture. Yu et al. [167] showed that the low fre-
quency modes of a hybrid machine tool affected the stability boundary
at low speeds. They presented a dynamic model of a parallel mechanism,
where RCSA of the machine-spindle-holder-tool was used to predict the
tool tip FRF. In a substructure dynamics review, Su and Wang [168]
discussed two methods of classical substructure synthesis, the mechan-
ical impedance method, singular value decomposition,
rigidity-flexibility equivalence, transformation of degree of freedom,
reference datum method, function dynamic modification method, neu-
ral network model modification, and frequency response function
modification. They described advantages and disadvantages of each
method. Postel et al. [169] implemented ensemble transfer learning on
deep neural networks to predict a stability boundary. Inputs to the
system included a single test to determine the machine-spindle dy-
namics, predicted frequency response using RCSA, and guidelines about
stability boundaries. Experiments were used to fine-tune the network.
Schmitz [170] used RCSA to predict FRFs for a range of tool extension
lengths. He demonstrated that for certain lengths, the tool-holder and
machine-spindle modes interact to provide increased dynamic stiffness.
He also showed the corresponding stability maps to illustrate the effects
of varied dynamic stiffness. Fig. 22 (left panel) displays the tool tip FRFs
for tool extensions lengths of {40, 50, 60, and 70} mm. It is observed that
the 40 mm and 60 mm lengths exhibit a single, dominant vibration mode
(i.e., the tool bending mode), while the 50 mm length includes two
closely-space modes. The reason is interaction of a tool-holder bending
mode with a spindle mode as shown in Fig. 22 (right panel). It is seen
that a machine-spindle mode near 3000 Hz causes the 50 mm extension
to have two dominant modes, rather than one.

Gibbons et al. [171] proposed three options for tool length tuning by
RCSA: variation in holder diameter, direct structural modification for
modeling the holder without knowledge of the tool-holder interface, and
implementation of a tunable-mass holder. Li et al. [172] used RCSA to
couple a tool-holder-shank model to a model of the fluted portion ob-
tained from to a 3D scan of the tool. Rotational FRFs were determined by
inverse RCSA. Greis et al. [173] implemented RCSA to predict tool-point
FRFs for the generation of stability maps in a physics-guided machine
learning framework.

In 2021, Karatas [174] offered an optimization method to suppress
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tool tip FRF peaks by adding a tool-holder extension subassembly and
matching the dominant mode of the tool-holder extension subassembly
with the effective modal frequency at the holder tip. They employed
RCSA to assemble holder-spindle, holder extension, and tool receptan-
ces. The collective results demonstrated improvements in the dynamic
stiffness and chatter-free material removal rate. Mostaghimi et al. [175]
used RCSA to predict the dynamics between the tool tip and spindle
housing. Spindle current sensors and spindle housing-mounted accel-
erometers were suggested as a low-cost alternative to a table top
dynamometer for cutting force measurements. Shaik et al. [176] pre-
dicted tool tip dynamics using RCSA and finite element analysis of the
holder-spindle interface. Constant contact stiffness and variations in
structural damping were evaluated and compared to experiments. The
authors used a genetic algorithm and simulated annealing methods to
minimize the error between experimental and predicted responses.
Bertelsen et al. [177] argued that the common practice of choosing the
shortest tool may not always result in the best productivity and that local
optima exist for certain extension lengths as shown by modal testing
results (i.e., tool tuning). Akbari and Ahmadi [178] applied RCSA to
model vibration-assisted drilling (VAD) tool holder dynamics to deter-
mine the vibration response due to piezoelectric actuation for axial and
axial-torsional VAD holders. Ma et al. [179] designed a two degree of
freedom, shank-mounted tuned mass damper using RCSA. The intent
was tunable tool tip dynamics for a micro-endmill. Ma et al. [180] also
applied RCSA to design a tool holder with a tuned mass damper to
improve the stability limit for an extended reach endmill. Danylchenko
et al. [181] implemented RCSA to determine tool-workpiece
interactions.

In 2022, Bilgili et al. [182] present a method for modeling multi-axis
machine tool dynamics with pose changes using Jacobian-based kine-
matics. The method was found to be 90% faster than existing models.
Morelli et al. [183] used RCSA to predict the
tool-holder-spindle-machine FRFs along the tool axis. These FRFs are
used together with the milling force model to predict surface location
error in 2.5-axis peripheral milling operations. Kato et al. [184] used
RCSA to analyze a carbon fiber reinforced plastic (CFRP) spindle shaft
design. A motorized CFRP spindle unit was modeled by combining a
spindle shaft model and bearing models. Wu et al. [185] combined RCSA
with experimental modal analysis to obtain a dynamic model of the
TriMule robot. They used the model to predict the milling stability
behavior over the entire robot workspace. Ji et al. [186] applied inverse
RCSA to model the variation in tool tip FRF prediction caused by the
mass of multiple accelerometers on a setup.
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8. Conclusions and future research

This paper provided a review of publications that implement and
advance the receptance coupling substructure analysis (RCSA) approach
first applied to tool tip receptance (frequency response function) pre-
diction for milling applications in 2000 [2]. The review topics include
tool-holder receptance modeling (section 4), connection modeling
(section 5), spindle-machine receptances (section 6), and applications
(section 7). In total, 178 papers were identified that have collectively
received 7113 citations (Google Scholar, March 2022).

While significant research and implementation progress has been
made, knowledge gaps remain. These gaps are summarized with respect
to Fig. 23 in the following paragraphs, where the relevant component (I,
11, or III) or component combination (e.g., I-II) is specified, as well as the
paper section.

- (I, section 4) Tool modeling has made significant progress, including
representing the helical teeth in beam models, but a comprehensive,
computationally-efficient solution that is generic to common, but
complex tool geometries (e.g., solid carbide endmills with serrated
edges and indexable endmills with many inserts) has not be made
widely available. Structured light scanning may provide a route
forward to develop and distribute a tool model database, e.g., Refs.
[187-191]. Leadership from cutting tool manufacturers would
enhance this effort.

(IL, section 4) Similar to tools, holder modeling has received atten-
tion in the literature. Remaining obstacles include accurate geo-
metric information about internal geometries and specialized
clamping strategies, such as hydraulic holders. The latter have
received less attention in the literature. A coordinated effort from
holder manufacturers to release solid models with internal features
and dimensions would add value to the RCSA approach.

(I-II, section 5) The connection modeling between the tool and
holder has been examined in many studies. However, a unified
model does not yet exist. Some models artificially place the flexibility
and damping (e.g., lumped parameter linear spring and viscous
damper) at the location where the base of the tool shank meets the
face of the holder. Others distribute the flexibility and damping at
the actual contact interface between the tool shank outer diameter
and holder internal cylindrical cavity. It’s been observed that the
connection parameters vary with shank diameter, which is to be
expected since the contact area varies with diameter. However,
sensitivity to tool extension length (beyond the holder face) has also
been reported. A complete, first principles model for the tool-holder
connection would greatly benefit the RCSA approach.

(III, section 6) Several methods have been demonstrated to measure
and represent the linear and rotational spindle-machine receptances
under both non-rotating and rotating conditions. Given the
complexity of spindles and the supporting machine tool structure, a
measurement-free solution with sufficient accuracy may be difficult
(or impossible) to obtain. However, removing the measurement
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requirement entirely would expand the opportunities to apply RCSA
for tool tip receptance prediction.

(II-I11, section 5) Quantifying and modeling the stiffness and damping
at the holder-spindle taper interface has received less attention in the
literature. In most cases, the connection is included in the spindle-
machine receptances rather than modeled separately. Additional
research is warranted.

(I-II-111, section 7) The significant interest in machine learning and its
application to machining process modeling and optimization pose a
significant opportunity for RCSA, e.g., Refs. [192-198]. Because the
tool tip receptance is a key input to milling performance prediction
and it varies with each unique tool-holder-spindle-machine combi-
nation, RCSA will be an essential element of these machine learning
scenarios if generalized solutions are to be obtained.

(I-II-111, section 7) As the digital twin for machining is universally
implemented, predictive models will be incorporated to describe the
system dynamics. Data about the tool tip receptances will naturally
be included, so RCSA models provide an important capability.
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