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In manufacturing, there exist boundary identification problems for defining parameter spaces that meet
desired thresholds on outcomes. This paper presents an Entropy-Sigma acquisition function for active
learning of the process window/map in manufacturing using a Gaussian Process surrogate. The method
is applied to identify the stability boundary for the stability process map in machining using time-domain
simulations with a periodic sampling stability metric. Results show that the proposed Entropy-Sigma
method significantly outperforms Latin hypercube sampling or grid-based methods. The described
method can be applied to identify the process window/map for any manufacturing application using a
quantitative process outcome metric.
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1. Introduction

Process boundaries in manufacturing identify the range of pro-
cess parameters that produce an acceptable behavior for a defined
process outcome based on a lower threshold, an upper threshold,
or both. The range of process parameters describes a process win-
dow or a process map for the specific manufacturing process. The
optimal process parameters can be selected from the process win-
dow/map that minimizes the total part cost. In laser powder bed
fusion (LPBF) additive manufacturing, part porosity can be
described as a function of laser power and scan speed [1,2]. Certain
combinations of laser power and scan speed can produce porosity
in the part due to lack of fusion [3], keyhole defects [4], or balling
up [5,6]. The combination of lack of fusion, keyhole, and balling up
porosity boundaries describe a process window for dense parts,
defined by a threshold porosity [1,7] as illustrated in Fig. 1(a). Sim-
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ilar process windows exist in other additive processes such as elec-
tron beam melting (EBM) [89] and wire-feed additive
manufacturing [10,11]. In machining, a stability process map sep-
arates stable and unstable (or chatter) combinations of spindle
speed and axial depth of cut for a given tool-material combination
[12]. Unstable machining can lead to poor surface finish, excessive
tool wear, and damage to the tool holder and spindle. A typical sta-
bility map is shown in Fig. 1(b) [13].

Estimation of the process window/map is either done using
experimentation or process modeling through simulations. The
LPBF process has been modeled through finite element methods
or high-fidelity mesoscale simulations to identify the process win-
dow [14-17]. Alternatively, experiments can be used to identify
the process window for LPBF using a threshold porosity value
[18,19]. For modeling stability process maps in machining, one
approach is to complete time domain simulations over the desired
grid of spindle speed and axial depth values [20]. The stability at
each grid point is decided using a threshold value for a periodic
sampling metric calculated from the predicted tool displacements
[20]. The simulation or experimental parameters are typically
selected using a grid-based or design of experiments (DOE)
approach. The DOE and grid-based approaches are inefficient for
simulations or physical experiments that can be expensive and
time-consuming [21,22]. This paper presents an entropy-based
active learning method for process window/map estimation in
manufacturing using minimum number of tests (completed either

2213-8463/Published by Elsevier Ltd on behalf of Society of Manufacturing Engineers (SME).
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Fig. 1. Illustrations showing (a) process window for laser additive manufacturing' and (b) stability process map in machining [13].

through simulations or experiments). The goal of this work is to
sequentially select the next set of test parameters that provide
the most information on the process window/map based on an
acquisition function using Gaussian process (GP) surrogates [23].
Much of the efforts in the literature focus on sequential sampling
to find the minimum (or maximum) [24,25]. For the problem of
estimating a process window/map, the goal is to identify the pro-
cess boundary (or contour) that satisfies the defined threshold.
There have been a few acquisition functions described in the liter-
ature on sequential sampling for boundary identification. Bichon
et al. described an expected feasibility function (EFF) that indicates
the expectation of the response to be around the feasibility bound-
ary [26] and has been extended to utilize multifidelity models [27].
Other GP-based acquisition functions for failure boundary identifi-
cation include weighted integrated mean square criterion [28],
adaptive Kriging method [29], and population-based adaptive sam-
pling technique [30]. Bect et al. [31] proposed a one-step looka-
head strategy for estimating the failure boundary. Marques et al.
[32,33] used an expected change in contour entropy to select the
test point in the presence of multiple information sources.

There are two main contributions of the paper. First, this paper
presents a novel acquisition function, denoted as Entropy-Sigma,
for process window/process map estimation based on the entropy
and the prediction uncertainty at the test parameter locations. The
Entropy-Sigma acquisition function is computationally inexpensive
with a closed-form expression and can be used for identifying pro-
cess boundaries defined by a lower and an upper threshold as well
as for multi-zone windows. Second, the application of the Entropy-
Sigma acquisition function method for selecting time-domain simu-
lation parameters for identifying the stability process map in
machining is demonstrated. The proposed method is applicable for
identifying process window/process map in both additive and sub-
tractive manufacturing.

The remainder of the paper is organized as follows: Section 2
describes the boundary identification problem and the proposed
acquisition function for process window/map estimation in manu-
facturing along with results for two numerical functions. Section 3

! The illustrations of defects around the process window are from https://www.
metal-am.com/articles/70927-2/.
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describes the application for the selection of time-domain simula-
tion parameters for the identification of the stability process map
in machining. Conclusions are presented in Section 4.

2. Efficient sampling for process window estimation

This section describes the efficient sampling method for process
window/map estimation in manufacturing. The process window
estimation problem is described in Section 2.1. Section 2.2
describes the acquisition function and Section 2.3 shows numerical
results for two test functions.

2.1. Problem setup

The inputs to the system are m-dimensional parameter vector
ze€ 2 CR", where Z denotes the sample space for the input
parameters. The process window/map is defined through the sys-
tem output being lower than a certain threshold, denoted by c.
The system output is denoted by f(z), where f :  +— R. The process
window/map is defined by f(z) < ¢, and the boundary is given by
the c-contour f(z) = c. Note that, without loss of generality, the
process window/map can also be reformulated as f(z) —c <0, to
shift the boundary to the zero-contour. The goal of the work is to
efficiently and accurately predict the process window/map
through identifying the target process boundary (here, the c-
contour) using minimum number of tests.

2.2. Methodology: active learning using Entropy-Sigma

The active learning method uses a computationally inexpensive
GP surrogate for approximating f(z). Given a set of n tests, the GP
surrogate is fit to the available data {z;,f(z;)}[,. The GP surrogate
is updated by sequentially augmenting the data pool with samples
based on the GP prediction mean y(z) and prediction uncertainty
given by the standard deviation ¢(z). The next test parameter sam-
ple, z,.1, to run the test on is selected by maximizing an acquisition
function J(z) as z,,; = argmaxj(z). The process of sequentially

ze7

adding test parameter samples can be continued until some testing
budget is exhausted or a stopping criterion is reached. In this case,



J. Karandikar, A. Chaudhuri, S. Smith et al.

the method sequentially selects test parameters to adaptively
refine the GP surrogate to learn the process window/process map
boundary. In this work, a novel entropy-based acquisition function
is defined that considers the trade-off between test parameter
locations where the GP prediction mean is close to the threshold
(exploitation), and where the GP prediction uncertainty is large
(exploration).

For the boundary estimation problem, any test parameter loca-
tion z has a P(z) probability of being inside the target region (de-
fined by the process window or the process map), f(z) < ¢, and a
1 — P(z) probability of being outside the target region, f(z) > c.
The GP prediction at 2z is the normal distribution
Y, ~ N (U(2),0%(2)). P(z) can be estimated using the GP prediction
as

P(z) = Ply, < c] = ®(x(2)), (1)

where y, is a realization of #,, 0(z) = (c — u(z))/c(z) and ®@(.) is the
standard normal cumulative distribution function. The amount of
available information of a discrete random variable with k out-
comes occurring with probability P;,...,P, can be defined by the
entropy H(P;,...,Py) = fzf-‘zlPi log(P;) [34]. In this case, any test
parameter location z has two discrete outcomes with probabilities
{P(z),1 — P(z)} and the entropy is given by

H(z) = —(P(z) log(P(2)) + (1 - P(2)) log(1 — P(2))). (2)

Note that Ref. [32] described an entropy-based approach that uses a
change in contour entropy criterion and accounts for multiple infor-
mation sources but requires numerical approximation. In this work,
the proposed approach directly uses the entropy of being above or
below the target boundary and has a closed-form solution.

The entropy (or the available information) is maximum at the
target boundary when p(z) = c with P(z) = 0.5. However, all candi-
date test parameter locations with u(z) = c will have the same
entropy even if they have different ¢ (z). This is an issue with using
the entropy directly as an acquisition function. Ref. [35] proposed
an entropy-based method for reliability analysis but the acquisi-
tion function does not account for the issue of candidates with
(z) = c. Intuitively, the parameter set with the higher o(z) is the
better candidate and this is built into the acquisition function.
The Entropy-Sigma acquisition function, which can distinguish
between candidates with pu(z) =c, is defined as the product of
the entropy and the prediction uncertainty as

J(z) =H(z)0(2). 3)
The Entropy-Sigma method can be extended to cases with more

than one threshold by creating additional events with their associ-
ated probabilities for entropy estimation.

—— True boundary

—— GP boundary

€z

(a) Branin 5 iterations (b) Branin 15 iterations
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2.3. Numerical tests

The acquisition function was tested using the Branin-Hoo and
the modified Matyas test functions [36] with target boundaries
defines using thresholds of 50 and 15, respectively. The test func-
tions are given in A. The Matyas function was modified to mimic
the process window for the LPBF process shown in Fig. 1(a). An ini-
tial DOE of 4 samples was followed by samples selected using the
Entropy-Sigma acquisition function. Fig. 2 shows that the Entropy-
Sigma active learning method rapidly convergences to the target
boundary within 15 iterations for the Branin function and 10 iter-
ations for the modified Matyas function.

3. Stability process map in machining

Stability process maps are specific process maps in machining
that separate stable and unstable combinations of spindle speed
Q and axial depth b, for a given tool-material combination [12].
One approach for predicting milling stability is through time-
domain simulations, which is a numerical solution of the time
delay, second-order differential equations of motion in milling
[20]. A time-domain simulation can predict the tool displacements
and cutting forces in the x (feed) and y directions for a set of
machining parameters [12]. The stability limit is determined here
using periodic sampling of the predicted tool displacements in
the x-direction. The stability metric M is calculated as the average
of the sum of the absolute difference of successively once-
per-tooth sampled points as [20]

B AL} "

N i
M@ b) =y Pal@D
i=2

where x; is the vector of the once-per-tooth sampled x displace-
ments and N is the length of the x, vector.

If the simulation parameters are stable, the deviation in the
once-per-tooth samples should be zero because the displacement
repeats with each tooth passage during forced vibration. If the
parameters are unstable, the deviation in the once-per-tooth sam-
ples is large because chatter, a self-excited vibration, introduces
the new chatter frequency into the solution and the displacement
does not repeat from tooth to the next. A threshold value of
¢ = 1um is defined here to account for limited numerical precision
in the time-domain simulation [20]. The stability process map can
be built by completing the time-domain simulations at multiple
spindle speed Q € [6600,10600] rpm and axial depth b € [0.1,4]
mm combinations and identifying the M = 1um contour. To illus-
trate, Fig. 3(a) shows a map of M as a function of spindle speed
and axial depth. The spindle speed and axial depth of cut range
were discretized into a grid with intervals of 10 rpm and
0.1 mm, respectively. The time domain simulation was completed

% Initial DOE A

Learning samples

10.

10 =5 0 5 10
T T

(c) Modified Matyas 5 iterations (d) Modified Matyas 10 iterations

Fig. 2. Results for Branin-Hoo and modified Matyas test functions with four initial samples.
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Fig. 3. Stability process map using the time-domain simulation: (a) M contours (b) smoothed M; contours (black line denotes the stability boundary identified from the grid-

based simulations.).

at each grid point resulting in 16040 simulations. Fig. 3(a) also
shows the predicted stability process map for the M = 1um con-
tour. The material, tool geometry, cutting parameters, and the
tool-point frequency response function used in the time domain
simulation to calculate the stability map shown in Fig. 3 are listed
in Ref. [13].

To reduce the number of time domain simulations needed to
identify the stability process map, the Entropy-Sigma acquisition
function was used to iteratively select the time domain simulation
parameters. The stability metric was smoothed to reduce the noise
when M is large (> 10) for unstable process parameters (as seen in
Fig. 3(a)). The smoothed stability metric M; is given by

— Stability boundary
4.0

Axial depth, b (mm)
—_ [V (3% w w
o o 3 o o

—

o
o

7000 7500 8000 8500 9000

Spindle speed, € (rpm)
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(a) Entropy-Sigma: 100 iterations

Axial depth, b (mm)

7500

8000 8500 9000
Spindle speed, € (rpm)

9500 10000 10500

(¢) EFF: 100 iterations

—— GP boundary

M;(Q,b) = stanh (w) (5)

In this work, the value of s is taken as 1. A similar approach was
used in Ref. [33]. This ensures that the stability metric is smoothed,
reducing the noise in M for unstable parameters. Note that the
threshold for the smoothed stability metric to maintain the same
boundary is 0.761 since the stability boundary is calculated as
M;(Q, b) = stanh(c/s) = 0.761, where s=1 and c=1. Fig. 3(b)
shows the smoothed stability metric. Note that the stability bound-
ary does not change after smoothing as the threshold is modified to
0.761.
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Fig. 4. Results from iterative sampling for stability process map identification starting using with the Entropy-Sigma acquisition function and EFF after 100 simulations and

200 simulations.
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Table 1
Accuracy for Entropy-Sigma, EFF, and LHS method for different iterations.
Iterations Entropy-Sigma EFF LHS
50 92.23 93.65 87.32
100 95.60 94.66 91.1
150 97.24 96.68 93.54
200 97.57 97.52 94.00

Four initial samples around the center of the (2, b) domain were
used as the initial design followed by 200 samples selected with
the Entropy-Sigma acquisition function. A rational quadratic kernel
was used for the GP fit to enable modeling of the sharp corners of
the stability process map. Fig. 4(a) and (b) show the results for the
Entropy-Sigma acquisition function after 100 samples and 200
samples, respectively. To compare, Fig. 4(c) and (d) show the
results for the EFF function [26]. The GP prediction is shown in
red and the true stability boundary (using the grid-based simula-
tions in Fig. 3) is shown in black for comparison. Table 1 compares
the accuracy for the Entropy-Sigma, EFF, and the Latin hypercube
sampling (LHS) method. The accuracy was calculated as the per-
centage of correctly classified points compared to the true stability
process map shown in Fig. 3. The sampling procedure was repeated
100 times for the LHS method and the average accuracy is reported
in Table 1. The Entropy-Sigma approach performs similar to the
EFF and significantly better than LHS. Note that an advantage of
the Entropy-Sigma method over EFF is that the closed-form expres-
sion can be applied for process windows defined by upper and
lower threshold as well as multiple zones with different thresh-
olds. The EFF closed-form expression will need to be re-derived
(even though the underlying concept remains the same). The
Entropy-Sigma active learning results in more than 50% reduction
in the number of samples needed to achieve the same accuracy
compared to LHS.

4. Conclusions

A GP-based active learning method to identify process bound-
aries for estimating the process window/map in manufacturing
was presented. A new acquisition function, Entropy-Sigma, that
considers the entropy of a test parameter along with the prediction
uncertainty to balance the trade-off between exploration and
exploitation was described. Results on numerical functions showed
arapid convergence to the true boundary. The method was applied
for stability process map identification in machining using time
domain simulations. Results showed more than 50% decrease in
the number of time-domain simulations needed to identify the sta-
bility process map compared to the LHS method. The Entropy-
Sigma acquisition function has the following advantages. First, it
is computationally inexpensive and has a closed-form expression.
Second, the method can be applied for process windows defined
by a lower threshold, an upper threshold, or a combination of both.
Third, the method can be easily extended to identify multiple
zones in a process window with different thresholds.
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Appendix A. Numerical functions for algorithm testing
The Branin-Hoo function is given by

f(x) =a(x, — bx’ +cx; — r)2 +5(1 —t)cos(xq) +5, (A1)
where a =1,b=5.1/(4n?),c =5/, r = 6,5 = 10,andt = 1/(87).
The modified Matyas function is given by

f(x) = 0.26(x2 +x3) — 0.48x,x, — 1.8x; + 7.3845. (A2)
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