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This paper describes an analytical model for the well-known optical knife-edge displacement sensor that predicts
the relationship between the knife-edge displacement and photointerrupter output. The model includes: 1) the
geometry of a rectangular knife-edge profile penetrating a circular laser beam perpendicular to the beam axis;
and 2) the Gaussian intensity profile for the beam cross-section. A comparison between the model predictions
and measured photointerrupter for a linear range of knife-edge displacements is provided. It is shown that good

agreement is obtained without model calibration.

1. Introduction

Optical beam profiling and dynamic displacement measurement are
common applications of the knife-edge technique. In this approach, the
knife-edge partially blocks the beam of interest and the unblocked
portion is incident on a photodetector that generates an electrical signal
proportional to intensity. The photodetector voltage output varies from
a maximum value (fully unblocked) to zero (fully blocked) as the knife-
edge is displaced transversely across the beam’s cross-section. The knife-
edge position versus photodetector voltage is nonlinear but may be
linearized by selecting a region where is the beam is approximately 50%
blocked. This is the typical approach so that the displacement may be
calculated from voltage using only a calibration constant (e.g., pm/V).

The purpose of this paper is to consider both the geometry of a
rectangular knife edge passing through a laser beam perpendicular to
the beam axis and the Gaussian beam profile to analytically predict the
displacement-photodetector output relationship. This model may then
be used to pre-select the linear range for the optical knife-edge
displacement sensor because the linear range has design implications
when integrating the sensor in an electromechanical system for mea-
surement and/or control. The paper is organized as follows. First,
background information for the optical knife-edge approach is provided.

Second, the modeling effort is described. Third, the experimental setup
is detailed. Fourth, model predictions and measurement are compared.
Fifth, conclusions are presented.

2. Background

The use of a knife-edge to determine focused spot size by sequentially
blocking the optical beam and collecting the unblocked intensity with a
fixed photodetector has been practiced since the 1970s [1]. In Ref. [2],
for example, the authors described radius measurement of a focused
Gaussian laser beam using a moving knife-edge and photodetector. A
least-squared fit to the photodetector power was completed using the
four coefficients for a third-order polynomial. Comparison to a
third-order polynomial with only two non-zero coefficients for the odd
terms was also presented. These calibrated models neglected diffraction
effects because the area of the photodiode was considered to be larger
than the area of the laser beam cross-section at the detection position.

The combination of the knife-edge with a dedicated laser source and
photodetector to measure displacement has also been widely imple-
mented. Karabacak et al. [3] adapted the knife-edge technique to detect
the in-plane nanomechanical motion of a doubly clamped element in a
nanoelectromechanical device. The resonant motion was measured
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Fig. 1. Blocked area geometry as the knife-edge covers the circular laser beam.
The x = 0 knife-edge position represents fully unblocked and x = 2w(2) rep-
resents fully blocked.
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Fig. 2. Beam intensity variation in the radial direction, r. The beam radius, w

(2), is a function of the location along the beam propagation direction, z, and is
minimum at the beam waist where the beam radius is wy and z = 0.
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Fig. 3. Variation of sector half-angle with knife-edge position.
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Fig. 5. Geometry for incorporating radial intensity variation for beam
cross-section.
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Fig. 6. Normalized variation in mean radius, R, with knife-edge position, x.
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Fig. 7. Normalized blocked area versus knife-edge position with (solid line)
and without (dashed line) weighting by the normalized intensity at the mean
beam radius for the knife-edge position.
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Fig. 8. Modeled photodetector output displayed as normalized voltage versus
normalized knife-edge position.
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Fig. 9. (a-b) During stage motion, the rectangular knife-edge, which was
attached to the stage, partially blocked the Gaussian beam and the remaining
intensity was incident on the photodetector. (c) Experimental setup for the
model validation tests.
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using the change in reflected optical power from the element as it moved
inside a Gaussian optical spot. Chiu et al. [4] described a miniaturized
optical knife-edge displacement sensor. The micro knife-edge scanner
was fabricated in a silicon-on-insulator (SOI) substrate using deep
reactive ion etching (DRIE).

Gu et al. [5] used an optical knife-edge displacement sensor to
measure dynamic force by the time-varying elastic deformation of a
flexible structure with known structural dynamics. Gomez and Schmitz
[6,7] implemented the sensor to measure displacement of a 4-bar flexure
and, by extension, cutting force during milling. Braunsmann et al. [8]
used an optical knife-edge displacement sensor to measure the shift of a
laser beam reflected from a mirror attached to the sample stage for a
high-speed atomic force microscope. Lee et al. [9-11] presented an
optical knife-edge displacement sensor composed of: a laser source, a
beam splitter and right-angle prism to generate two parallel laser beams,
a double-ended knife edge, and two photodetectors. The arrangement
enabled the knife edge motion to incrementally block one beam as the
other was unblocked by ideally the same amount. A differencing and
normalizing approach was used to increase sensitivity and reject laser
intensity variations. Similarly, Zolfaghari et al. [12] applied the optical
knife-edge approach to the measurement of linear and angular dis-
placements for a flexure-based positioning stage. The optical knife-edge
system included a laser diode, a double-ended knife edge, three beam
splitters, three right-angle prisms, and four photodetectors. The differ-
ential processing technique was again used to remove the effects of laser
diode intensity variations. Stenlund et al. [13] implemented an optical
knife-edge sensor to measure small forces by sensing bending of a
cantilever beam. Kim et al. [14] integrated four optical knife-edge sen-
sors to enable three-axis force and torque measurement in a single,
compact package.

Modifications to the knife-edge approach have also been imple-
mented. Lee et al. [15] measured the dynamic lateral motion of a
rotating cylinder, rather than a knife-edge, as it partially blocked a
stationary laser beam. The application domain was spindle error motion
measurement. Wang et al. [16] used a square aperture (or
two-dimensional knife edge) and quadrant photodetector to simulta-
neously measure straightness error motions in the x and y directions for
a single-axis stage with ideally z direction motion. Jeong et al. [17]
applied a Lambertian, rather than Gaussian, distribution to model a
knife edge sensor with an extended LED source; for this source type, the
intensity is uniform in the direction of light propagation. Lee provided a
review of displacement sensing techniques based on optical
edge-diffraction that details the state of the art [18].

3. Optical knife-edge displacement sensor modeling

The model incorporates the basic geometry of the rectangular knife-
edge penetrating a circular beam, while also considering the radially-
symmetric Gaussian intensity distribution for the beam’s cross-section.

The model geometry is displayed in Fig. 1, where the knife-edge
moves from left to right to sequentially block the laser beam. At any
position, x, the blocked area, Ap, depends on x and the beam radius, w
(2). As shown in Fig. 2, the beam radius is a function of the location along
the beam’s propagation direction, 2z, and is minimum at the beam waist.

The blocked area can be calculated by recognizing that the shaded
sector area, A, in Fig. 1 is composed of the blocked area (represented by
the darker shading) and two right triangles. The sector area is:

A =w(z)’6, )

where the half-angle, 6, for the sector is:

6 =acos (m> . 3
w(z)

The nonlinear variation of 6 with x is shown in Fig. 3, where the
knife-edge position is normalized to w(z) for generality. The area, A,, for
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Fig. 10. Time-domain normalized output voltage from the test sequence.

Table 1
Measurement procedure description.
Algorithm
for t=[012..600]sdo
Start data logging to record voltage, V, att=0s
Advance stage position 5 pm
Dwell fort=1s
for x = [0:5:2000] pm do
Calculate mean of steady-state step response
Calculate standard deviation of steady-state step response
Record mean and standard deviations
end for
Stop data logging, at t = 600 s
end for

both the upper and lower right triangles in Fig. 1 (top panel) is:
1

5 (w(@) =)/ w(2)” = (w(z) =)

The blocked area is calculated using Eq. (5). The nonlinear variation
in blocked area with knife-edge position is plotted in Fig. 4. The blocked

4

. . . 2
area is normalized to the beam cross-sectional area, A = zw(z)°, for
generality.

w(z) —x

A=A, — 24, =w(z)’
»=A, =w(z) acos( W@

) — w(@) —x)y/wl2) — (w(e) — )
(5)

The purely geometric model presented in Eq. (5) is not sufficient,
however, because the beam intensity is not uniform across its cross-
section. Rather, it is Gaussian and varies with the radial distance, r,

I(r,2)=1I (%) ’ exp (;é;) ©)
I(r)=1I, exp(iwgz) @)

To improve the geometric model, the cross-sectional intensity vari-
ation was incorporated. Specifically, blocking the beam near its center
(small r values) has a stronger effect on the photodetector output than
blocking the beam far from its center. As shown in Fig. 5, however, the
knife-edge does not block the beam at a single radius value. Rather,
there is a continuous range of radii from (w(z) — x) along the x axis up to
w(z) as the angle 0 is increased.

To proceed with the analysis, a mean radius value, R, may be
calculated by integrating over the full 0 range for each x value. The
integration variable, a, is defined by Eq. (8). The mean radius is then
calculated by rearranging Eq. (8) and writing the integral; see Eq. (9).

o w(z) —x
a=acos (T) ®
0 0
R:E/W(Z)_xdazw(z)_x/secada 9
[ cos a
0 0

Solving Eq. (9) integral and evaluating over the integration limits
gives Eq. (10), where 6 is defined by Eq. (3), and the mean radius, R,
depends on the knife-edge position, x. The nonlinear variation of R with
x is displayed in Fig. 6. Both variables are normalized to the beam radius
for plotting purposes.

w(z) —x
from the beam axis, as described by Fig. 2 and Eq. (6), where Iy is the R=—="—(In|sec &+ tan 6| — In|sec 0 + tan 0]) (10)
maximum intensity at r = 0. If the knife-edge penetrates the beam at its . . . . . .
waist (where z = 0), Eq. (6) simplifies to Eq. (7). The next step is to substitute R for r in Eq. (6) to describe the intensity
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Fig. 11. Stepwise optical knife-edge displacement sensor response with mean values
2, for the normalized photointerrupter voltage.
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Fig. 12. Comparison of measurement and model. The model assumed w(z) =
wo = 1 mm in the absence of additional information from the photointerrupter
manufacturer.
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Fig. 13. (Top) Linear section of measurement data with best-fit line. (Bottom)
Percent error between the measurement data (normalized photointerrupter
voltage) and best-fit line.

at the mean radius as a function of the knife-edge position. The final step
is to multiply Eq. (6) intensity factor by Ap from Eq. (5), where the effect
is to “weight” the geometric solution by the exponential Gaussian in-
tensity function. Example results for w(z) = wy are displayed in Fig. 7.
For comparison purposes, the normalized blocked area curve from Fig. 4
is also included. It is observed that the slope is significantly affected. It is
reduced near the beam edge, where the lower intensity portion of the
beam cross-section is blocked, and increased near the center, where
more of the higher intensity portion of the beam is blocked.

To complete the analysis, Fig. 7 (Ap/A)(I/Ip) result is scaled from O to
0.5 (i.e., the percent scaling is removed), mirrored about the vertical axis
where x/w(z) = 1, and inverted to give the full available range of x/w(2)
= 0 to 2 for the knife-edge position. Finally, this result is subtracted from
1 to mimic the normalized photodetector output, which is typically 1
when the beam is fully unblocked and 0 when the beam is fully blocked.
See Fig. 8.
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4. Experimental setup

To verify the model prediction, a photointerrupter (OMRON EE-
SG3?) was selected and a knife-edge (X-ACTO™ #17) was positioned
within the beam using a linear air bearing stage (Aerotech ABL 10100-
LT). The stage position was commanded and the photointerrupter
output was measured. The experimental setup is shown in Fig. 9, where
the photointerrupter location was fixed and the knife-edge moved with
the stage. The stage had a manufacturer-specified positioning uncer-
tainty of + 0.2 pm and resolution of 0.5 nm. For the test sequence, the
knife-edge was positioned outside the photointerrupter emitter-detector
range and moved towards the sensor in 5 pm increments, with a 1 s dwell
time, until the full range was exceeded (i.e., the beam was fully blocked).

The total range of travel was approximately 2 mm and the corre-
sponding working voltage was 2 V. The displacement-dependent output
voltage was measured with a sampling frequency of 1000 Hz (Data
Translation 9837B). A linear scaling technique was applied to the
measured output voltage to normalize the voltage response. See Eq.
(11), where V is the voltage for any knife-edge position, Vi is the fully
blocked voltage and Vi« is the fully unblocked voltage. The stepwise
response for the test sequence is displayed in Fig. 10.

V_ V7‘4n[n

= 11
Vo Vinax = Vinin an

Next, the mean and standard deviation values for the steady-state
portion of the stepwise response were determined. The steady-state
response was selected to exclude the motion transient after each step;
it was confirmed with a separate capacitance gage measurement that
these transients were due to the stage control system and not the optical
knife-edge displacement sensor. The measurement procedure is sum-
marized in Table 1. The result is presented in Fig. 11 with mean values
and error bars that represent the type A measurement uncertainty
(coverage factor of k = 2 on the calculated standard deviation) for the
steady-state portion of each step [19,20].

5. Results

The photodetector voltage output is compared to the model predic-
tion in this section. Fig. 12 displays the normalized voltage and model
versus knife-edge displacement, where it was assumed that the knife-
edge penetrated the beam at its waist with a radius of 1 mm for the
model. As noted, no information was provided by the photointerrupter
manufacturer regarding the waist location or beam radius, a 2 mm
diameter hole was identified on the photointerrupter schematic as the
laser source location. A 1 mm radius was therefore assumed with the
waist located at the geometric center between the emitter and detector.

As noted, while the knife-edge position versus photodetector voltage
is nonlinear, it may be linearized by selecting the region where is the
beam is approximately 50% blocked. For the model in Fig. 12, a range
from 0.8 mm to 1.2 mm was chosen for analysis. The percent error be-
tween the normalized photodetector voltage and best-fit line is dis-
played in Fig. 13, where the slope of the best-fit line is —0.9344 mm
with an R? value of 0.9998. It is observed that the error is less than 1%
over the full range with some remaining structure. The corresponding
percent error between the model and best-fit line over the same range is
shown in Fig. 14, where the best-fit line slope is —0.9991 mm ! with an
R? value of 0.9994. Again, the error is less than 1% with similar, but not
identical, structure. In the model, the local slope variation is due to the
zero-slope at the peak of the Gaussian intensity profile. Interestingly,

2 The datasheet for this photointerrupter did not specify the source type,
beam intensity profile, beam waist location, or beam radius, so the analysis was
completed based on limited information. Because source types can be LED and
point or extended, the accuracy of the Gaussian model proposed here depends
on the source type.
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similar structure is observed in the bottom panels of both Figs. 13 and
14. The percent error between the modeled and measured slopes is
6.9%.

A comparison between the new model presented here and the error
function (erf) model from Ref. [8] was also completed. As noted,
Braunsmann et al. [8] used an optical knife-edge displacement sensor to
measure the shift of a laser beam reflected from a mirror attached to the
sample stage for a high-speed atomic force microscope. In Eq. (2) from
the paper, they describe the ratio of the photodiode (sensor) signal, P(s),
to the total laser beam power, P, as:

()]

Wo
where s = 0 when the beam is 50% blocked and wy is defined as the 1/e?
diameter (not radius) of the laser spot. Fig. 2 from Ref. [8] is reproduced
here in Fig. 15 using Eq. (12). Note that the beam, not the knife edge,
was translated in Ref. [8] and the left end of the horizontal axis repre-
sents a blocked beam.

To enable a direct comparison between Fig. 15 and the model and
data in Fig. 12, wy was set equal to 2 mm in Eq. 12 and s was varied from
—1 mm to 1 mm. For plotting purposes, s was offset by +1 mm and (1 -
P/P,,) was plotted. It is observed in Fig. 16 that the linear range slope is
lower and the behavior differs near the unblocked (left) and blocked
(right) locations for Eq. (12) model.

P(s) :1

P 2 a2

6. Conclusions

This paper described the derivation and validation of an analytical
model to predict the relationship between the knife-edge displacement
and photointerrupter output for the well-known optical knife-edge
displacement sensor. The model simultaneously considers the geome-
try of a rectangular knife-edge profile penetrating a circular laser beam
perpendicular to the beam axis and the radially-symmetric Gaussian
intensity profile for the beam cross-section.

Experiments were completed to compare the model to measured
performance for a selected knife-edge and photodetector pair by pre-
scribing known displacements using a linear air bearing stage. A step-
wise pause-repeat positioning sequence was performed to compare the
measured photointerrupter voltage to the model prediction. It was found
that the error between the predicted and measured slopes was 6.9% with
errors less than 1% between the model/measurement and corresponding
best-fit lines. Note that this agreement was obtained without calibration.
The only input was the beam radius. The conclusion is that the model
can be effectively applied as a design tool when implementing the op-
tical knife-edge displacement sensor for measurement and control
applications.
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