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Abstract

This paper describes the interaction between vibration modes associated with the machine-spindle and those associated with the holder-tool when
the holder-tool combination is inserted in the milling machine spindle. It is shown that when the bending natural frequency of the holder-tool is
near a machine-spindle natural frequency, there is a combined two mode frequency response (similar to a dynamic absorber) for the assembly
that exhibits increased dynamic stiffness over those situations when the interaction is absent. Experimental results are provided. The variation in
tool point frequency response with tool extension length is then used to calculate the corresponding stability maps. These maps are evaluated to

determine the effect of interactions between machine-spindle and holder-tool modes on milling stability. Conclusions are presented.
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1. Introduction”

Modal analysis is applied to measure and model the
structural dynamics of complex systems [1]. Because an
important consideration in milling is the vibration behavior of
the cutting tool during material removal, modal techniques are
used to study machine-spindle-holder-tool combinations [2].
Important considerations for predicting milling vibration
behavior, which can be stable (i.e., exhibits forced vibration
only) or unstable (i.e., exhibits either self-excited or period-n
bifurcations [3]), are the workpiece material, tool geometry,
machining parameters, and structural dynamics [2, 4]. The
workpiece material and tool geometry collectively define the
relationship between the commanded chip geometry and the
cutting force required to shear away the chip. This relationship
may be parameterized in the form of a mechanistic cutting force
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model or the force may be predicted from the material’s
constitutive model using finite element analysis. The structural
dynamics depend on the machine, spindle, holder, and tool
combination, including the tool’s extension length from the
holder.

Because the tool point receptance (or frequency response
function, FRF) is required to select stable machining
parameters, identifying it for arbitrary machine-spindle-holder-
tool combinations is required. This may be achieved through
modal testing techniques, such as impact testing where an
instrumented hammer is used to apply the impulsive force input
and a linear transducer (typically an accelerometer) is used to
measure the corresponding response output. The receptance is
the complex, frequency domain ratio of the output to the input.
To reduce measurement time, Schmitz and co-authors derived
receptance coupling substructure analysis (RCSA) for tool
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point FRF prediction [5-24]. Many other authors have also
implemented RCSA for tool point FRF prediction and have
added new knowledge to the approach [25-84].

In this paper, RCSA is used to predict tool point receptances
for arange of extension lengths with holder-tool bending modes
that span multiple machine-spindle bending modes. It is shown
that the holder-tool modes interact with the machine-spindle
modes to yield increased dynamic stiffness for selected
extension lengths. The reported results are contrary to intuition,
which would suggest that a shorter tool is always better. The
implications of these variations in dynamic stiffness on milling
stability are then discussed.

Nomenclature

x; lateral displacement at coordinate i

6  rotation at coordinate i

Ifi  external harmonic force applied at coordinate i

m;  external harmonic moment applied at coordinate i

hi  displacement-to-force receptance between coordinates i
andj

lj  displacement-to-moment receptance between coordinates
iandj

ny  rotation-to-force receptance between coordinates i and j

lpij rotation-to-moment receptance between coordinates i
andj

Ri;; component generalized receptance matrix between
coordinates 7 and j

G; assembly generalized receptance matrix between
coordinates 7 and j

u;  generalized component displacement at coordinate i

U; generalized assembly displacement at coordinate i

qgi  generalized component force at coordinate i

O generalized assembly force at coordinate i

K complex stiffness matrix for non-rigid coupling

2. RCSA

RCSA analytically couples receptance models for the holder
and tool to a receptance measurement for the machine-spindle.
The required steps are described in the following paragraphs.
To begin, consider the tool and holder modeling.

The direct receptances for the free-free beam shown in Fig.
1 due to externally applied harmonic forces fi(¢) and f£(2),
applied at coordinates xi(f) and x»(f), and moments m(f) and
ma(t), applied at 6i(¢) and 6s(¢), are provided in Eq. 1. The
corresponding cross receptances are shown in Eq. 2. (Note that
the coordinates are listed to consider f'or m individually, unlike
Eq. 3 which combines the effects). These receptances are used
to represent the tool and holder sections prior to coupling.

X1 =hifi % =lamy x, = hyf; %, =1L,m,
01 =nufi 01 =pum 0, =nyf, 0, =p,m, (1)
Xp =hpfy % =bomy x, =hyfi x,=0Limy
01 =n2fs 61 =piomy 0, =nyf; 0, =pymy (2)

oi(6), mi(f) Ox(t), ma(?)

q )
x1(D, 1) x2(8), (1)

Fig. 1. Free-free beam coordinates.

Equations 1 and 2 can be written in matrix form and
compactly represented using the notation shown in Eq. 3.

{2} = s lll]{fl } or {u;} = [Ry11{q:}

oy T P
{92}: ez p]{rfl} or (u} = [Rypl{a) 3

In Eq. 3, Ry is the generalized receptance matrix that
describes both translational and rotational component behavior.
The individual entries in these matrices include contributions
from both the rigid body and flexural modes. In this study, the
frequency dependent entries were calculated using the
Timoshenko beam model, which includes the effects of rotary
inertia and shear [85]. It was implemented using finite elements
[13], where each four degree-of-freedom (rotation and
displacement at each end) free-free beam section was modeled
using appropriate mass and stiffness matrices [86].

These receptances can be used to couple components at their
end points in order to predict assembly dynamics. For example,
a free-free beam with diameter d; can be coupled to a second
free-free beam with larger diameter d> to synthesize the
receptances for a stepped shaft (see Fig 2). The assembly
flexural receptances, shown in Eq. 4 (the upper case variables
denote assembly coordinates, forces, moments, and
receptances), are determined by first writing the component
displacements/rotations; see Eq. 5.

d»
di
U, 1 U 2 U3
Assembly
q2b q3
Q1 q2
Y \L
Ui uz
Uzp us
Components

Fig. 2. Stepped shaft assembly (top) and components (bottom). Diameters d;
and d» are identified in the assembly schematic.
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Uy = R11q1 + Ry2q;
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For this stepped shaft example, a rigid connection is applied
at the interface. The corresponding compatibility conditions
are:

U, — Uy, =0anduy; =U;, (6)

where i = 1 to 3 and the latter expression specifies that the
component and assembly coordinates are defined at the same
spatial positions. The equilibrium conditions vary with the
external force/moment location. To determine the first column
of the assembly receptance matrix in Eq. 4, Qi is applied to
coordinate U;. In this case, the equilibrium conditions are:

42+ 42 = 0,4, = Qy,and g3 = 0. @)

Substitution of the component displacements/rotations and
equilibrium conditions into the compatibility conditions yields
q»; see Eq. 8. The expression for Gy is then given by Eq. 9. The
other two first column receptances are determined in a similar
manner. To find the receptances in the second and third
columns, 0> must be applied to U, and Qs to Us, respectively.

q2 = —(Ryz2 + Rypop) " 'Rp1 Q4 (8

U w
Gll=_=_=

Q1 O 1
Gi; = Ry — Ri;(Ryp + Ryppp) 'Ry =

Ri1q91 + Ry2q;

Hyy L11]
9
Ny Py ©

In the case of finite stiffness and non-zero damping at the
contact interface between components, the compatibility
conditions can be modified to reflect the new coordinate
displacement/rotation relationships. The Eq. 6 compatibility
condition for the flexible-damped connection is now rewritten
as:

K(up — upp) = —qzp (10)

where the complex stiffness matrix is defined in Eq. 11 for a
viscous damping model. In this matrix, the stiffness (k) and
damping terms (c) are defined by their subscripts. The ks term,
for example, describes the stiffness that relates force to
displacement, while the stiffness kg, relates rotation to
moment.

_ kxf + i(,Ufo
T Lk +iocey,

k9f + i(l)Cgf

K .
kom + iwcom,

(11)

Using the Eq. 10 compatibility condition, the assembly
receptance from Eq. 9 is modified to be:

Gi1 = Riy — Riz(Ryz + Rypop + K1) 7Ry, (12)

For tool point receptance predictions, coordinates 1 and 2 in
Eq. 12 are defined by the two ends of the holder-tool model,
while coordinate 25 is associated with the machine-spindle. To
experimentally identify the Roay, receptances, a standard
artifact with the appropriate spindle-holder connection (e.g.,
CAT-40 or HSK-63A) is inserted in the spindle under test. The
four direct receptances at the free end of the artifact are
determined from a single displacement-to-force measurement
as described in [22]. The machine-spindle receptances are then
determined from the machine-spindle-artifact receptances
using the inverse RCSA approach detailed in [13]. In this
method, the assembly receptances are measured and then the
free-free portion of the artifact beyond the holder flange is
extracted to isolate the machine-spindle receptances; see Fig.
3.

Assembly
measured
e
1
1
1
. Artifact
Spindle
receptances ‘
isolated  Free-free portion
+ modeled and
L decoupled
r"’
1
1
1

Fig. 3. Machine-spindle receptances are determined using inverse RCSA.
3. Tool point receptance results

The RCSA approach was used to predict the tool point
receptances for various tool extension lengths. The first step
was to determine the machine-spindle receptances using
inverse RCSA as described in Section 2. The artifact
measurement for a selected CNC milling machine spindle
(CAT-40 spindle-holder connection) is displayed in Fig. 4.
Multiple vibration modes appear in the 5000 Hz measurement
bandwidth. The measurement was completed using a PCB
086C03 modal hammer, PCB 352C23 low-mass
accelerometer, and MLI’s MetalMax TXF software.

The portion of the cylindrical steel artifact (200 GPa
modulus, 7800 kg/m? density, 0.29 Poisson’s ratio) beyond the
flange was then extracted to isolate the machine-spindle
receptances. The 52.5 mm outer diameter cylinder had a length
of 59.9 mm with an internal diameter of 29.9 mm to a depth of
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40 mm. The displacement-to-force result is shown in Fig. 5
(dotted line). The original artifact receptance is also included
(solid line) to demonstrate that removal of the mass beyond the
flange serves to increase the natural frequencies and reduce the
magnitudes of individual modes. It is important to note that this
response serves as the “boundary condition” for the free-free
holder-tool receptances which are coupled to the machine-
spindle to predict the assembly dynamics. These dynamics are
then available to predict the milling performance and selection
optimized parameters for maximum material removal rate
(MRR).
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Fig. 4. Measured machine-spindle-artifact displacement-to-force
receptance.
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Fig. 5. Machine-spindle displacement-to-force receptance (dotted line)
compared to machine-spindle-artifact receptance (solid line).

Once the machine-spindle receptances were archived, the
holder and tool receptances were next computed using the
Timoshenko beam model. A 50 mm outer diameter, steel stub
length thermal shrink fit holder (CAT-40 spindle interface, 40
mm length with 12 mm internal diameter) was selected to
clamp 12 mm diameter carbide rods (550 GPa modulus, 15000
kg/m? density, 0.22 Poisson’s ratio). In each case, the insertion
length was 20 mm. An example tool point FRF measurement
and RCSA prediction is displayed in Fig. 6, where the tool

extension length was 40 mm. The connection matrix between
the tool and holder, which represents the non-rigid shrink fit
holder-tool connection, is provided in Eq. 13. Figure 6 shows a
single, dominant holder-tool bending mode at 3809 Hz.

--------- Predicted
——Measured |

(o2}
T

Magnitude (m/N)
w B (&)}

N
T
L

0 1000 2000 3000 4000

Frequency (Hz)

5000

Fig. 6. Predicted (dotted line) and measured (solid line) tool point FRFs
for 40 mm extension length.

5x 107 X 0

K= m (13)
g rad
0 5x 105 =~

Figure 7 displays the tool point FRF for a 50 mm extension.
The anticipated response is single mode with a larger
magnitude and lower frequency than Fig. 6. However, the Fig.
7 result demonstrates an interaction between the holder-tool
bending mode and a machine-spindle mode. This produces a
response dominated by two modes, rather than one. The
machine-spindle effectively acts as a dynamic absorber for the
holder-tool. Some of the energy that would typically go toward
producing the tool point response now escapes through the
spindle and into the machine. The dynamic stiffness is
therefore higher for the new two-mode FRF.
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Fig. 7. Predicted (dotted line) and measured (solid line) tool point FRFs
for 50 mm extension length (same scale as Fig. 6).
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To emphasize the holder-tool bending mode interaction with
the machine-spindle mode, Fig. 8 is provided. A semi-log scale
was selected to enable the machine-spindle, 40 mm extension,
and 50 mm extension FRFs to be viewed simultaneously. It is
observed that the 50 mm extension causes the holder-tool mode
to interact with the machine-spindle mode at 3155 Hz. In the
same way as a dynamic absorber, matching the natural
frequencies of the two systems produces a new two-mode
combined system with increased dynamic stiffness (reduced
magnitude).

—— Machine-spindle

Magnitude (m/N)

2000 3000 4000

Frequency (Hz)

0 1000

5000

Fig. 8. Comparison of machine-spindle (solid line), 40 mm tool extension
(dotted line), and 50 mm tool extension (dashed line) FRFs.

4. Stability implications

A comparison of tool point predictions is provided in Fig. 9.
Four extension lengths were selected: {40, 50, 60, and 70} mm.
The results are counter-intuitive. The shortest extension length
gives the largest magnitude. This is because there are no
spindle modes near the holder-tool bending frequency. The
interaction with the 3155 Hz machine-spindle mode increases
the dynamic stiffness for the 50 mm extension. A reduced
interaction for the 60 mm extension causes the magnitude to
increase relative to the 50 mm extension, as expected.
However, the 70 mm extension offers the highest dynamic
stiffness due to a strong interaction with the highly damped
1930 Hz machine-spindle mode (see Fig. 8).

Using the predictive RCSA capability, a plot of the peak
magnitude value for each tool point FRF over a range of
extension lengths can be produced. Figure 10 displays the peak
tool point magnitudes for lengths from 30 mm to 90 mm for
two cases: 1) the measured machine-spindle receptances serve
as the base for the holder model (rigid connection), which is
then coupled to the tool model (flexible connection); and 2) a
rigid base is coupled to the tool holder (rigid connection),
which is then coupled to the tool model (flexible connection).
It is seen that the magnitudes differ substantially. The rigid base
results are, surprisingly, much more flexible. This is because
the shrink fit holder and carbide rods offer little damping. The
majority of the assembly damping comes from the machine-
spindle dynamics. For this reason, the machine-spindle-holder-
tool coupling results offer much higher dynamic stiffness.
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Fig. 9. Comparison of tool point FRFs for four tool extension lengths.
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Fig. 10. Comparison of maximum tool point FRF magnitudes for two
cases: holder and tool coupled to machine-spindle (blue circles); and
holder and tool coupled to rigid base (red squares).

The interested reader might also notice that there is apparent
“noise” superimposed on the rigid based coupling results in
Fig. 10. This is due to the very light damping for these
receptances. When combined with the discrete sampling
frequency, the narrow peak is not always exactly captured by
the predicted FRF. Also, the maximum magnitude does not
monotonically increase because the tool is flexibly coupled to
the non-rigid holder. When the tool length is small, its stiffness
is similar to the holder stiffness and the local decrease,
followed by the monotonic increase is obtained.

The rigid result from Fig. 10 is removed in Fig. 11 to
emphasize the machine-spindle and holder-tool interactions.
These results mimic Fig. 9. Increased dynamic stiffness is
observed at locations where the holder-tool bending natural
frequency is near a spindle natural frequency. As seen in Fig.
9, a large maximum magnitude occurs for a 40 mm extension,
a much smaller result is obtained for 50 mm, the magnitude
increases from 50 mm to 60 mm, and then the smallest
magnitude for these four extension lengths is observed at 70
mm.
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Fig. 11. Comparison of maximum tool point FRF magnitudes for holder and
tool coupled to machine-spindle.

While the variation in tool point FRF with extension length
and machine-spindle interactions is interesting, the more
important implication is the influence on milling stability. To
explore this sensitivity, stability maps were computed for each
extension length. The analytical solution presented by Altintas
and Budak [87] was applied with a 6061-T6 aluminum work
material (750 N/mm? specific cutting force and 68 deg force
angle), a 12 mm diameter endmill with four teeth, and 25%
radial immersion down milling. Example results are displayed
in Fig. 12 for extension lengths of 40 mm and 70 mm (similar
to Fig. 9). It is seen that the lightly damped, larger magnitude
40 mm extension response gives narrow stability zones with a
critical stability limit (i.e., axial depth that is stable for all
spindle speeds) of 0.65 mm. The smaller magnitude response
with increased damping for the 70 mm extension gives wider
stability zones and a critical stability limit of 1.54 mm. The
increased damping also changes the slope of the stability
boundary, so that the wider zones do not extend as far vertically
as the more lightly damped zones for the 40 mm extension.

20

-
[¢)]

Axial depth (mm)
=

O L 1
0.5 1 1.5 2

Spindle speed (rpm) %10

Fig. 12. Stability maps for 40 mm extension (solid line) and 70 mm extension
(dotted line).

30 40 50 60 70 80 90
Length (mm)

Fig. 13. Mean MRR as a function of extension length.

To compare the stability behavior over the full range of
extension lengths in Fig. 11 (30 mm to 90 mm), the following
procedure was applied.

1. An extension length was selected and the tool point

FRF was calculated.

2. This FRF was used to compute the stability map (25%
radial immersion down milling, four teeth, 6061-T6
aluminum workpiece).

3. The maximum stable axial depth of cut was identified
from the stability boundary and the corresponding
spindle speed was recorded.

4. The mean material removal rate for this spindle speed-
axial depth pair was calculated using Eq. 16, where
max by, (mm) is the maximum value from the
stability ~boundary, Qp_maxp,, @pm) is the
corresponding spindle speed, the feed per tooth was 0.1
mm, the radial depth was 3 mm, and there were four
teeth on the endmill.

MRR = max blim (3)(0-1)(4)Qb=maxblim (14)

The results are presented in Fig. 13. It is seen that there is a
local decrease in MRR at the same locations where the
interactions between machine-spindle and holder-tool modes
occur (see the local minima in Fig. 11). As discussed in Fig. 12,
this is because the increased damping in the two mode
“interaction responses” causes the peak heights of the stable
zones to be truncated, even though the critical stability limit is
increased. However, the maximum stable axial depths obtained
from Fig. 13 for use in Eq. 14 were selected without regard to
the sensitivity of the peak points. For example, for the
rightmost stable zone in Fig. 12 corresponding to the 40 mm
extension (solid line), it is most likely not feasible to choose an
axial depth of 20 mm due to modeling uncertainties and
inherent process variations. Within that stable zone, a
maximum depth of 10 mm (or less) might be selected by a risk
adverse process planner. It is therefore a user-dependent
evaluation as to whether the increased dynamic stiffness
offered by the interactions between the machine-spindle and
holder-tool modes is desirable or not.
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5. Summary

This paper implemented receptance coupling substructure
analysis (RCSA) to predict tool point receptances for a range of
extension lengths with holder-tool bending modes that spanned
multiple machine-spindle bending modes for a selected CNC
milling machine. It was shown that the holder-tool modes
interacted with the machine-spindle modes to yield increased
dynamic stiffness for selected extension lengths. The
implications of these variations in dynamic stiffness on milling
stability were then discussed.

To explore the effect on milling performance, stability maps
were computed for a range of tool extension lengths. It was
seen that the lightly damped, larger magnitude responses where
no interaction occurred provided more narrow stability zones
and lower critical stability limits. The smaller magnitude
responses with increased damping obtained for tool extensions
that resulted in interaction with the machine-spindle modes
gave wider stability zones and larger critical stability limits.
The increased damping also changed the slope of the stability
boundary, so that the wider zones did not extend as far
vertically as the more lightly damped zones. This provides a
tradeoff between modeling and process uncertainty and
potentially higher material removal rates. Ultimately, the
research shows that it is important to consider the entire
machine-spindle-holder-tool ~ assembly when selecting
machining parameters and assessing the material removal
performance.
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