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This paper  describes  a  method  to produce  analytical  radial  depth  of cut  stability  lobe  diagrams  that  include
process  damping.  The  stability  limit  was  defined  using  the  radial,  rather  than  axial,  depth  due  to the  path
planning  approach  for  many  computer-aided  manufacturing  (CAM)  programs,  which  remove  material
layer-by-layer  with  a varying  radial  immersion.  Experimental  validation  of  the  predicted  stability  limits
was  performed  and  the  results  are  presented  for  both  the  process  damping  (low  cutting  speed)  range
and  higher  cutting  speeds.

©  2014  Elsevier  Inc.  All  rights  reserved.
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. Introduction

Milling instability, or chatter, is one factor that limits material
emoval rates because the stable depth of cut is restricted by the
ystem dynamics. Using the well-known stability lobe diagram,
owever, preferred (or “best”) spindle speeds may  be selected that
nable the depth of cut to be increased [1–4]. These speeds occur at
ooth passing frequencies that are integer fractions of the natural
requency that corresponds to the most flexible structural mode
f vibration. Larger stable depths of cut are generally obtained at
igher “best” spindle speeds.

A second primary limitation to high material removal rates is
ool wear. Because diffusive tool wear is temperature-driven and
igher cutting speeds lead to increased cutting temperatures, hard-
o-machine materials may  cause the higher “best” spindle speeds
hich provide access to increased depths of cut to be inaccessible
ue to unacceptable wear rates. Together, chatter and tool wear
ombine to increase machining costs and are, therefore, the subject

f widespread modeling and experimental efforts.

One beneficial phenomenon that occurs at low spindle speeds
cutting speeds) and increases the allowable depth of cut is

∗ Corresponding author. Tel.: +1 17046875086.
E-mail address: tony.schmitz@uncc.edu (T.L. Schmitz).

ttp://dx.doi.org/10.1016/j.precisioneng.2014.11.004
141-6359/© 2014 Elsevier Inc. All rights reserved.
process damping. Many prior process damping studies have identi-
fied it as energy dissipation due to interference between the cutting
tool clearance face and machined surface during relative vibra-
tions between the two  [5–24]. Because process damping enables
increased material removal rates at low cutting speeds, it is an
important consideration when modeling machining operations for
hard-to-machine materials.

The purpose of machining models is to select optimal oper-
ating parameters at the process planning stage. For modern job
shops, process planning begins with a solid model of the part to
be machined. A computer-aided manufacturing (CAM) software
package is then implemented to generate a computer-numerically
controlled (CNC) part path from the solid model. For milling opera-
tions, the tool geometry, spindle speed, and feed per tooth must
be specified in the CAM software. Additionally, the axial depth
of cut and radial step-over must also be selected. Because mate-
rial is often removed layer-by-layer, the axial depth of cut is fixed
and the radial depth of cut is defined by the selected step-over.
For internal pocketing operations, the radial depth varies with the
tool location within the pocket for traditional path definitions,
such as the spiral in strategy. In 90 deg corners, for example, the

radial depth increases to an instantaneous value equal to the tool
diameter regardless of the commanded step-over. For this rea-
son, it is often desired to determine the limiting radial depth of
cut as a function of spindle speed for a fixed axial depth; prior

dx.doi.org/10.1016/j.precisioneng.2014.11.004
http://www.sciencedirect.com/science/journal/01416359
http://www.elsevier.com/locate/precision
http://crossmark.crossref.org/dialog/?doi=10.1016/j.precisioneng.2014.11.004&domain=pdf
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nalytical efforts are described in [25,26]. However, traditional
tability analyses assume a fixed radial depth and identify the max-
mum chatter-free axial depth for the selected range of spindle
peeds.

The objective of this paper is to include the effects of process
amping in a stability lobe diagram that describes the limiting
adial depth of cut as a function of spindle speed. The work is
articularly relevant for defining hard-to-machine material part
rograms. An analytical milling stability model that includes pro-
ess damping [22–24] is applied to generate spindle speed versus
xial depth stability limits for multiple radial depths. These lim-
ts are then combined automatically to identify the corresponding
pindle speed versus radial depth stability lobe diagram for the
elected axial depth. The paper is organized as follows. First, a
eview of the process damping model is provided. Second, the
lgorithm for identifying the required stability limit is described.
hird, experimental results are provided. Finally, conclusions are
resented.

. Process damping

In descriptions of regenerative chatter in machining, the vari-
ble component of the instantaneous cutting force may  be written
s F = Ksb (N0 − N), where Ks is the specific cutting force, b is the
hip width, N0 is the vibration amplitude in the surface normal
irection, n, from the previous cutting pass, and N is the current
ibration amplitude. The underlying assumption in the force equa-
ion is that there is no phase shift between the variable force and
hip thickness; this is indicated by the real values of Ks and b. How-
ver, for low cutting speeds, V, it has been shown that a phase shift
an occur. This behavior is captured by the phenomenon referred
o as process damping. Practically speaking, the effect of process
amping is to enable significantly higher chip widths at low cutting
peeds than linear stability analyses predict.

The process damping force in the n direction can be expressed
s a function of velocity, chip width, cutting speed, and a constant

 [21]: Fd = −C
(

b/V
)

ṅ. This process damping force was  incorpo-
ated in Tlusty’s stability algorithm in [22–24]. Tlusty’s analytical

tability solution assumes an average angle of the tooth in the cut,
ave, and, therefore, an average cutting force direction [3]. This
ssumption produces an autonomous, or time invariant, system.
lusty then defined directional orientation factors, �x and �y, to

x

y

ave

β 

F

e

Feed n

s= 0
φ

φ

φ

Fig. 1. Up milling geometry.
ering 40 (2015) 318–324 319

first project the average angle force into the x and y mode direc-
tions and, second, project these results onto the surface normal
(in the direction of �ave). The limiting axial depth of cut, blim, and
spindle speed, ˝,  expressions for milling are provided in Eqs. (1)
and (2), where Gor is the oriented frequency response function that
depends on the directional orientation factors and the frequency
responses in the x and y directions, fc is the chatter frequency, N is
the number of complete vibration periods between teeth (i.e., the
lobe number), Nt is the number of teeth on the cutter, and Nt* is
the average number of teeth in the cut; see Eq. (3), where �s and
�e (deg) are the start and exit angles defined by the radial depth of
cut. The fractional phase between the vibrations from one tooth to
the next, ε, is defined in Eq. (4).

blim = −1
2KsRe [Gor] Nt

∗ (1)

fc
˝Nt

= N + ε

2�
(2)

Nt
∗ = ϕe − ϕs (3)
ave

e = 180  deg

φ

φ

Fig. 2. Down milling geometry.

Fig. 3. Limiting axial depth of cut versus spindle speed for a 25% radial immersion.
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Fig. 5. Axial depth stability limit for a 25% radial immersion with the b = 3 mm
spindle speeds identified (circles).
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The process damping force is incorporated by modifying the vis-
ous (velocity-dependent) structural damping, cx and cy, in the x
nd y direction frequency response functions. For up (conventional)
illing, the geometry is shown in Fig. 1, where n is the surface nor-
al  direction. The projection of the process damping force from the

 direction onto the x direction is:

x = Fd cos (90 − �ave) = −C
b

V
ṅ cos (90 − �ave)

= −
(

C
b

V
cos (90 − �ave)

)
ṅ. (5)

Substituting ṅ = cos (90 − �ave) ẋ in Eq. (5) gives:

x = −
(

C
b

V
cos2 (90 − �ave)

)
ẋ. (6)

The new viscous damping in the stability calculation for the x
irection frequency response function, Gx, is therefore:

new,x = cx + C
b

V
cos2 (90 − �ave) . (7)

The new y direction damping is:

new,y = cy + C
b

V
cos2 (180 − �ave) . (8)

The oriented frequency response function is Gor = �xGx + �yGy,
here �x = cos

(
 ̌ − (90 − �ave)

)
cos (90 − �ave) and �y =

os
(

180 − �ave − ˇ
)

cos (180 − �ave).
The geometry for the down (climb) milling case is shown in

ig. 2. Using the same approach as for up milling, the new x and
 direction damping values are provided in Eqs. (9) and (10).

new,x = cx + C
b

V
cos2 (�ave − 90) (9)

new,y = cy + C
b

V
cos2 (180 − �ave) (10)

The oriented frequency response function for this case is
or = �xGx + �yGy, where �x = cos

(
 ̌ + �ave − 90

)
cos (�ave − 90)

nd �y = cos
(

 ̌ − (180 − �ave)
)

cos (180 − �ave).
. Radial depth stability limit

The spindle speed versus radial depth of cut stability lobe dia-
ram is produced using the following sequence of steps.

Fig. 4. Axial depth stability limit for a 25% radial immersion.

Fig. 6. Axial depth stability limit for a 50% radial immersion with the b = 3 mm
spindle speeds identified (circles).

Fig. 7. Limiting radial depth of cut, alim, versus spindle speed for an axial depth of
3  mm.
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Fig. 8. Limiting radial depth of cut versus spindle speed for an axial depth of 5 mm.

Fig. 9. Photograph of milling setup. The test coupon was bolted to the flexure. An
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ccelerometer was used to measure the vibration during x direction cutting and
dentify stable and unstable conditions.

1) Specify the system dynamics, tool geometry, and force
model, including both the cutting force and process damping
coefficients.

2) Select the desired spindle speed range and axial depth of cut.
3) Generate the spindle speed versus axial depth stability lobe

diagram for the selected dynamic system using the smallest

desired radial depth of cut.

4) Use the collection of stability lobes from step 3 to identify the
limiting axial depth of cut as a function of spindle speed.

Fig. 12. Images of surfaces for unstable (left
Fig. 11. Frequency response functions in the x (solid line) and y (dotted line) for the
flexure.

(5) Determine the spindle speeds at which the limiting axial depth
is equal to the desired axial depth from step 2. Store these
{spindle speed, radial depth}  pairs.

(6) Increment the radial depth of cut to a larger value and repeat
steps 3–5. Continue until the radial depth is increased to the
tool diameter.

(7) Collect all {spindle speed, radial depth}  pairs from steps 3–6.

The result is the limiting radial depth of cut as a function of
spindle speed. Because the axial depth of cut stability analysis

) and stable (right) cutting conditions.
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ig. 13. Limiting radial depth of cut versus spindle speed for the flexure setup with
 3 mm axial depth.

includes process damping, the final radial depth stability limit
also incorporates process damping effects.

The procedure steps are demonstrated through an example and

he corresponding figures. For the example, the selected spindle
peed range is zero to 10,000 rpm and the desired axial depth of cut
s 3 mm.  The spindle speed versus axial depth of cut stability lobe
iagram for an up (conventional) milling radial depth of cut equal to
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ig. 14. (a) Frequency content for a stable cut at a spindle speed of 3600 rpm, a radial dep
t  a spindle speed of 2675 rpm, a radial depth of 4 mm,  and an axial depth of 3 mm.  (c) 

0  mm,  and an axial depth of 3 mm.  (d) Frequency content for an unstable cut at a spindl
hange in vertical scale relative to (a–c).
ering 40 (2015) 318–324

25% of the tool diameter (i.e., a 25% radial immersion) is displayed
in Fig. 3. This represents the result from step 3. Fig. 4 shows the
axial depth stability limit after step 4. The spindle speeds where the
limiting axial depth is equal to the desired axial depth (b = 3 mm)  for
the final radial depth stability lobe diagram are identified in Fig. 5
(step 5). For comparison purposes, the step 5 result for a 50% radial
immersion is shown in Fig. 6. It is observed that number of speeds
is reduced with the increased radial depth because the axial depth
stability limit is lowered. The final radial depth of cut stability lobe
diagram (step 7) is displayed in Fig. 7. This represents the collection
of limiting axial depths of cut identified over the full range of radial
immersions (two examples for a desired axial depth of 3 mm are
provided in Figs. 5 and 6). The corresponding diagram for a desired
axial depth of 5 mm is provided in Fig. 8. As expected, the radial
depth stability limit is lowered with the increased axial depth.

4. Experimental results

Milling experiments were performed to observe the effects of
varying the radial depth of cut while maintaining a constant axial
depth. A single tooth, 19.05 mm diameter, indexable end mill was
used to machine AISI 1018 steel test coupons. The cutting inserts
had a 0 deg rake angle and an 11 deg relief angle. The specific
cutting force, Ks, and cutting force angle, ˇ, were measured to be

2531.0 N/mm2 and 62.0 deg, respectively, using a cutting force
dynamometer (Kistler 9257B). A linear regression to the mean
cutting force over a range of feed per tooth values was  used to iden-
tify the force model values [27]. A process damping coefficient of
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th of 5 mm,  and an axial depth of 3 mm.  (b) Frequency content for an unstable cut
Frequency content for a stable cut at a spindle speed of 300 rpm, a radial depth of
e speed of 500 rpm, a radial depth of 10 mm,  and an axial depth of 3 mm.  Note the
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Table  1
Modal parameters for the flexure.

Direction Modal stiffness
(m/N)

Viscous
damping ratio

Natural
frequency (Hz)
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5 mm.  In each case, a range of {spindle speed, radial depth}  pairs

F
a
a
v

x 6.60 × 10 0.021 247.2
y  338.0 × 106 0.015 1214

 = 1.65 × 105 N/m was determined using the procedure described
n [22–24].

A parallelogram, leaf-type flexure was constructed to provide
 flexible base for the test coupons; see Fig. 9. The compliance
f the platform in its flexible direction was approximately 14
imes greater than that of the most flexible mode for the cutting
ool–holder–spindle–machine assembly. The displacement-to-
orce frequency responses for the cutting tool and the flexure in the

 (feed) and y directions are shown in Figs. 10 and 11. The modal
arameters for the flexure are provided in Table 1.

The flexure’s modal parameters, the tool geometry, and the cut-
ing force model were used to generate radial depth of cut stability
obe diagrams for selected axial depths as described previously. To
erify the stability predictions, cuts were completed at multiple
spindle speed, radial depth}  pairs. A piezoelectric accelerometer
PCB Piezotronics model 352B10) was used to measure the flexure
ibration during cutting. The frequency content of the accelerome-

er signal and the machined surface finish were used to characterize
he stability. Cuts that exhibited significant frequency content near
o the flexure’s natural frequency, rather than at the tooth passing
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ig. 16. (a) Frequency content for a stable cut at a spindle speed of 3500 rpm, a radial dept
 spindle speed of 3250 rpm, a radial depth of 3 mm,  and an axial depth of 3 mm.  (c) Frequ
nd  an axial depth of 5 mm.  (d) Frequency content for an unstable cut at a spindle speed 

ertical scale relative to (a–c).
Fig. 15. Limiting radial depth of cut versus spindle speed for the flexure setup with
a  5 mm axial depth.

frequency and its harmonics were considered unstable. A compari-
son of surfaces from unstable and stable cuts is provided in Fig. 12;
the images were obtained using a portable digital microscope.

Cutting tests were performed at two axial depths: 3 mm and
were tested. Fig. 13 shows the predicted stability limit (•), as well as
the stable (©) and unstable cuts (×). Good agreement between the
predicted limit and experimental results is observed for both the
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rocess damping regime (<1000 rpm) and higher cutting speeds.
ig. 14a–d shows the accelerometer frequency content at the test
oints labeled A through D in Fig. 13. Fig. 14b and d demonstrates
nstable cutting conditions (points B and D in Fig. 13); significant
ontent is seen near the flexure’s natural frequency of 247.2 Hz in
ddition to the tooth passing frequency and its harmonics. Fig. 14a
nd c identify stable cuts with content at the tooth passing fre-
uency and its harmonics only (points A and C).

Fig. 15 displays the predicted stability limit and experimental
esults for an axial depth of 5 mm.  The increase in axial depth yields

 decrease in the allowable radial depth relative to Fig. 13 (3 mm
xial depth). Good agreement is again observed between the pre-
iction and experimental results. Fig. 16a–d shows the frequency
ontent for the points labeled A through D in Fig. 15. Points A and C
Fig. 16a and c) represent stable cuts, while points B and D (Fig. 16b
nd d) represent unstable cuts.

. Conclusions

Radial depth of cut stability lobe diagrams were produced and
erified experimentally. The motivation for describing the stability
imit as radial, rather than axial, depth is the format for many CAM
rograms, which remove material layer-by-layer with a varying
adial immersion. The analytical milling stability solution applied
o identify the stability lobe diagrams included process damping,
here the process damping model relied on a single coefficient, C.

his is analogous to the specific cutting force, Ks, approach to mod-
ling cutting force. Process damping is particularly important for
ard-to-machine materials, such as titanium, nickel super alloys,
nd hardened steels. In these instances, tool wear generally pro-
ibits higher surface speeds and the use of the large stable zones
vailable at high spindle speeds.
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