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Abstract

The practical implementation of high-speed machining (HSM) requires accurate knowledge of the machine
dynamics. We apply receptance coupling substructure analysis to the prediction of the tool point dynamic
response, combining frequency response measurements of individual components through appropriate
connections to determine assembly dynamics using simple vector manipulations. This paper shows that the
dynamic response before and after system changes may be predicted, thus dramatically reducing the number
of required experimental measurements. The application of this technique to the tuning of tool dynamics for
improved stability by overhung length variation is demonstrated.
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1 INTRODUCTION

Much recent research has focused on high-speed
machining (HSM) techniques [e.g., 1-12]. Both the
implementation of HSM and the accurate simulation of the
forces and deflections during machining under high speed
conditions have been explored. Implementation
techniques have considered the system dynamics, self-
excited vibration theory for the calculation of stability
lobes, machine/spindle design requirements, and sensors
capable of chatter recognition. HSM simulations have
included numerical time-domain methods and analytical
solutions for the nonlinear, quasi-periodic regenerative
process stability [3,4,8,13-16]. In all cases, one of two
positions was taken with respect to the system dynamics:
1) the dynamics of the tool/workpiece/machine are
considered fixed and the machining conditions are
selected according to the experimental or computed tool
point dynamics, and 2) the tool point dynamics are
adjusted by varying the tool length to make use of local
increases in the process stability (tool tuning) [2,8,32).

The well-known stability lobe diagram, which predicts
system stability as a function of spindle speed and
machining parameters, is commonly used in HSM
development (see Figure 1). Stable and unstable regions
are seen depending on the selected spindle speed and
axial depth of cut, b. Two approaches may be taken in
producing this diagram. An analytical solution may be
selected (e.g., [15,17-20]) or time-domain techniques may
be used [3,9,13,14]. In either case, knowledge of the
system dynamics reflected at the tool point is required. In
most cases, the dynamics are obtained using impact
testing and modal analysis. The direct (or driving point)
frequency response function (FRF) is measured at the
tool tip (only) and a fit to the experimental data is
performed. The modal parameters (i.e., mass, m,
stiffness, k, and damping ratio, & are extracted from each
dominant mode and these values are used as input to the
analytical or time-domain simulations [3,8,13,14,21,22,
30]. Other possibilities include computational methods for
modal parameter determination and milling experiments
for direct stable speed selection [1]. In all cases,
however, the measurements are specific to the selected
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components (e.g., tool length and geometry, tool holder,
workpiece, spindle, and machine) and boundary
conditions (e.g., holder force and drawbar force [23]).
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Figure 1: Example Stability Lobe Diagram.

To fully exploit the increased manufacturing efficiency
associated with HSM, it is important to: 1) predict tool
point dynamics without the measurement of each new
tool/holder/spindle  combination, and 2) provide
repeatable and robust dynamic responses between
machines, holders, and setups. This paper uses
receptance coupling substructure analysis to address the
former. It is demonstrated on a specific industrially
motivated, tool tuning example where the capability of
FRF prediction dramatically reduced the number of FRF
measurements necessary to select an appropriate tool
length for optimized stability.

2 SUBSTRUCTURE ANALYSIS

in receptance coupling substructure  analysis,
experimental or analytic FRFs for the individual
components are used to predict the final assembly’s
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dynamic response at any spatial coordinate selected for
component measurements [24-27]. Experimental FRFs
are required only at the coordinate of interest (tool point)
and any connection coordinates. Contrary to modal
coupling and finite element methods, the number of
modeled structural modes in each component does not
define the number of required measurement locations
and knowledge of the mode shapes of each component is
not required. Furthermore, no matrix inversions are
necessary, only vector manipulations.

2.1 Receptance Coupling

A receptance coupling example will now be given (see
Figure 2). The two components, A and B, are to be
connected at spatial coordinates x, and x, through the
linear spring, k,, to give the assembly, C. The direct FRF
at coordinate X, of the assembly is desired.

X4 X9 X3

C
Figure 2: Receptance Coupling Model.

The receptance matrix, G(w), which relates the complex
displacement at each assembly coordinate to harmonic
input forces for the assembled system, is derived using
the receptance coupling method [25]. This 3x3 matrix (for
the three degree of freedom system) is calculated by
columns. The first column is determined by applying a
force, F, to coordinate X,. Figure 3 displays the
assembled and component systems with F, applied to the
assembled system.

Assembled

X1 X2 X3
Component
Figure 3: Receptance Matrix Column 1 Determination.

Considering the component system in Figure 3, the
displacements at the three coordinates may be written as
shown in Equation 1. The notation H refers to the spatial
receptance matrices of the individual components before
assembly, with subscripts, §j, that refer to the
measurement and forcing locations, respectively. The
equilibrium and compatibility conditions for the
components are given in Equations 2 and 3.

Xy = Hyqfy + Hyof,
Xg = Hayfy + Hoof,
X3 =Hj3fy

Displacements 1)
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h=F

Equilibrium Conditions 2
f2 +F. 3= 0
Xj = X i
-f3 Compatibility Conditions ®3)
X 3 X 2 =

Ky

Substituting Equations 1 and 2 into Equation 3 leads to
the expressions for G,,(w), G.{w), and G;,(w). Equation 4
shows G,(w), the direct FRF at coordinate X, of the
assembly.

-1
X. 1
Gy1(w)= ?11 =Hyy - H12(H33 +Hao + 7(—) Haq 4

X

This example is analogous to tool point FRF prediction.
Component A (the tool) is attached to component B (the
holder and spindie) through experimentally determined or
predicted connection springs/dampers and the direct FRF
at X, (the cantilever end of the tool) is desired for stability
prediction and chatter free machining parameter
selection.

2.2 Free-Free Tool FRFs

In the previous example, free-free state (or unsupported)
FRFs of component A (the tool) were required (H,;, H,,,
H,,, and H,). For these measurements, the tool is
unrestrained (degenerate) and rigid body, zero frequency
modes are present, as well as the expected vibratory
response {28]. There are several difficulties associated
with obtaining these FRFs using impact testing: 1) the
free-free state is difficult to realize in practice, 2) low
mass, wide bandwidth accelerometers typically do not
perform well at low frequencies, and 3) the response for
low mass tools is easily corrupted by the accelerometer
mass.

The analytic formulation for free-free tool FRFs was
therefore developed to replace the experimental
measurements. These analytic forms for the tool's direct
and cross FRFs are then used in the receptance coupling
method.
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Figure 4: Tool Loading Conditions.

Figure 4 shows the loads applied to the tool when
connected to the holder/spindle. A force is applied to the
free end (x,) while the end to be inserted in the holder (x,)
opposes displacement and rotation (i.e., a cantilever
beam). The equation of motion for this model is shown in
Equation 5. Here, u(x,t) is the temporal displacement at
any point along the beam and q(x,f) is the externally
applied loads. Additionally, p is the beam mass per unit
length, ¢’ is the viscous damping coefficient per unit
length, E is Young's modulus (homogeneity assumed),
and / is the second area moment of inertia (uniform
cylindrical cross-section assumed).

D2u(xt)  oulxt) , o%u(xt)
), oulx, _ 5
—F +El v q(x.t) (5)



If harmonic motion is assumed, a solution for the lateral
vibration of the beam at any coordinate along its length
(L) may be obtained from Equation 5 for each beam
mode. These results are then summed to determine the
total vibration at that location.

In this analysis, two rigid body modes (inertial translation
and rotation about the center of mass) were summed with
analytic expressions for the beam free-free modes [29] to
determine the tool vibration. Expressions for the direct
FRFs at coordinates x, and x, (H,, and H,,, respectively)
and a cross FRF H,, (H,, is equivalent by reciprocity) are
shown in Equation 6, where 1, is a dimensionless
frequency parameter [29].

The receptance term H,,, for example, contains three
components. The first two represent the contributions by
the translational and rotational rigid body modes,
respectively, while the third gives the response due to the
free-free modes (4(x), expressed as shown in Equation 7)
which have been evaluated at coordinate x, (a distance L
from the model origin). Response functions that relate
displacement to applied moment (L;), rotation to applied
force (N, and rotation to applied moment (P,) were also
derived.

H11(w)— 1 5 + 3 > +z (pI(L)z y
-plw plw® i 2, . ElA;
—-plw® +ic'Lw+ —F—
H22(w) ! 7+ 5 2 +Z q)i(O)z 4
plw® -plw* 5 2 ., ElA;
-plw® +ic'lw+ L_3
o) —1- 3,5 olh@)
TPRWT —PLWT i ) 2 +ic'Lw+——E£g’
)
@i(x)= cosh 2% 4 cos A% _ o,-(sinhﬂ+ sinA’—x)
L L L L o
__ coshA; — cosA;
'™ sinhA; - sink;

The validity of this modeling strategy was tested in
simulation. The free-free beam analytic model was
attached to ground through infinitely stiff linear and
rotational springs to verify that the assembly response at
the free end approached that of a cantilever beam. It was
determined that many free-free modes were necessary to
adequately model the cantilever response. In Figure 5,
the variation in the predicted natural frequency for a
19.1 mm diameter, 152.4 mm long aluminum shaft as a
function of the number of included modes is shown. Itis
seen that approximately 86 modes are necessary to
predict a value within 1% of the analytically predicted
cantilever frequency of 578.6 Hz (shown as the dashed
line in Figure 5). This large number of required modes for
accurate frequency prediction precludes the use of
experimental techniques to obtain the free-free tool
response (due to limited measurement bandwidth), but is
well suited to analytic predictions.

3 EXPERIMENTAL METHOD

To verify the receptance coupling technique and provide
an example of tool tuning to optimize machining stability,
three long, slender tools (length to diameter ratios of 8:1,
91, and 10:1) were selected for use in a horizontal
spindie high-speed machining center. The tungsten
carbide (cobalt binder) tools had two flutes and a relieved
diameter of 11.8 mm for the portion of the tool outside the

holder (12.7 mm inside). This tooling had previously been
examined for machining of an aluminum part with 102 mm
deep, 38 mm wide hexagonal pockets with 0.5 mm wall
thickness [8]. Empirically determined, improved stability
was reported for a 10:1 length/diameter ratio.
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Figure 5: Cantilever Response Convergence.

3.1 Component Dynamic Characterization

The first step in predicting the assembled system’s tool
point response is to determine the component responses.
As shown in the example in Section 2.1, for component B
(the holder/spindle combination) only the direct FRFs at
the connection coordinate (Hi, L, Ni, and P,;) are
required. The direct FRF H;, was obtained by impact
testing. A low mass, wide bandwidth accelerometer was
placed at the free end of the collet holder and this
location excited by a modally tuned impact hammer for
both the X and Y coordinate directions. The result and a
nine mode fit to the Y direction experimental data is
shown in Figure 6. The remaining FRFs (pertaining to
moment and rotation) were assumed zero.
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Figure 6: Holder/Spindle Y Direction Direct FRF (H,,).

The required tool FRFs were derived analytically (Section
2.2). Impact testing on the tools was performed to
experimentally estimate Young's modulus and the
viscous damping ratio of the tool material. These values,
as well as the nominal tool dimensions, were then
substituted in the analytic FRF terms.
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3.2 Receptance Coupling

The receptance coupling formulation was composed of
two parts. First, the section of the tool inside the collet
was connected to the holder/spindie assembly. Next, the
overhung portion of the tool was joined with the previous
result through linear and rotational springs and dampers.
The model for the latter is shown in Figure 7.

0
A =R
X, L0 D— %3

Figure 7: Tool/Holder/Spindle Assembly Model.

The receptance coupling derivation for the tool point
direct FRF, G,,(®), is similar to the example in 2.1, except
there are now six degrees of freedom and damping is
included. The displacements, equilibrium conditions, and
compatibility conditions are determined from the system
model and combined to calculate the assembly FRFs.
The result for G,, is shown in Equation 8, where the H’;,
L’ N, and P terms represent mobility FRFs {22], or the
ratio of linear or rotational velocity to force or moment.
The linear and rotational stiffness and damping terms are

labeled k,, kg, C,, and c,, respectively.

Gy = Hyy — HyoE 'E — LypEs (kgNgy + coNpy |- E4ES'E,)
where (8)
E; = (kaaa + kyHzp + oMz + CyHpp + [ 1])— E;'Eq
(kx/-aa +kyLop + CyLag + Cylaa
Ep = lkeHa1 + Sty )~ 37 lkgzy + colVpy)

wLss + KyLoz + CyLaz +Cxlzz
E;= (kepaa +kgPyz + CoP33 + CaPyp + [1] )

Eq= (keNaa +kgN 3z + CoN33+ CeN:zz)

The analytic direct and cross FRFs for the tool and
experimental modal fit to the holder/spindle direct FRF
were then inserted in Equation 8 and the tool point
dynamic response predicted. Experimental impact tests
were also performed for each of the three selected tools.
A comparison of the results is given in the next section.

4 RESULTS

Figures 8-10 show the experimental and predicted, Y
direction tool point FRFs (G,,) for length to diameter ratios
of 8:1, 9:1, and 10:1, respectively (note changes in
vertical scales). The overall agreement between the
predicted and measured results is good. However, small
deviations are also seen. This is attributed to variations in
collet torque between the three tool setups, imperfect
knowledge of tool length/geometry, inaccurate fit to the
holder/spindle FRF, and finite repeatability of the FRF
measurement process.

The transition from the 8:1 to 9:1 case results in the
anticipated decrease in both natural frequency and
stiffness. For the 10:1 tool, however, the single tool mode
seen in the two previous results has been effectively split
into two dynamically stiffer modes, providing an increase
in stability. This is due to interaction of the cantilever tool
mode with the approximately 727 Hz Y direction
holder/spindle mode (shown in Figure 6). The analog to
this situation is the dynamic absorber, where a small
spring/mass is added to a larger vibrating system. The
spring constant and mass of the added system are
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selected such that the natural frequency is equal to the
excitation frequency of the larger structure and the
vibration of the support structure is reduced, theoretically,
to zero at the driving frequency.
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Figure 8: Experimental/Predicted FRF 8:1 Tool.
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Figure 9: Experimental/Predicted FRF 9:1 Tool.

x10°
_ 5 i _Predicted
Z l R —-Measured |
E o7 i —
S o + </,_..-'—'—"_"’—v_“__——+-‘w |
© i e ‘
5| i |
2 :L/
-10] [ h ) . ) ) ;
0 250 500 750 1000 1250 1500 1750 2000
x10°
e —
E & by d !
2 ¥ H
£ - 0“» v })
15 :

0 250 500 750 1000 1250 1500 1750 2000
Frequency (Hz)

Figure 10: Experimental/Predicted FRF 10:1 Tool.



The selected linear and rotational spring and damping
coefficients for the Y direction collet connection between
the tool and holder/spindle for the three cases shown in
Figures 8-10 are given in Table 1. It is anticipated that the
system measured here (HSK 63A collet-type holder)
represents a typical physical arrangement and, in
general, a single set of values (with some associated
uncertainty) may be used to represent the connection
stiffnress and damping for a particular holder. These
values could be obtained in a single experimental setup
{or determined from accurate modeling) and used for any
tool/holder combination.

k,(N/m) | k,(N-mirad) | C«{N-s/m)

1.4x108 130 35

Cg (N-m-s/rad)

2.1x107

Table 1: Stiffness/Damping Coefficients.

5 DISCUSSION

Figures 8-10 show that interaction between tool and
holder/spindle modes can dramatically affect the tool
point FRF. To illustrate the effect of this interaction on
machining performance, stability lobe diagrams for
slotting cuts in the machine Y direction have been
developed for the 9 and 10:1 tools. These are shown in
Figures 11-12. It is seen that the 10:1 cutter offers a
significantly higher critical stability limit (maximum stable
axial depth of cut at all spindle speeds) than the 9:1
cutter, as well as a shift in the location of the stability
lobes. This implies two possible optimization parameters:
1) tool length selection for interaction with holder/spindle
modes to increase the local stability limit, and 2) tool
length selection to move a highly stable lobe to the top
spindle speed of the machine (e.g., for a top spindle
speed of 20000 rpm, the 10:1 tool would be selected)
[2,32].
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Figure 11: Stability Lobe Diagram 9:1 Tool.

To further investigate the interaction of tool modes with
holder/spindle modes, receptance coupling simulations
were completed for 7:1 to 12:1 tools. The minimum real
part of the FRF was recorded for each case and used to
estimate the critical stability limit (bec) for Y direction slot
milling in aluminum, according to Equation 9 [21]. In this
equation, K, is the specific cutting force for the work piece
material (700 x 10° N/m? [31]), 4, is the ‘average’ direction
orientation factor of the cutting force (cos 70° [31]), and z
is the number of cutter teeth (2). The predicted slotting
critical stability limits are plotted versus tool length in
Figure 13. Increased stability is recognized at tool
frequencies which correspond to holder/spindle modes

(approximately 1344, 1114, 727, and 540.5 Hz). Although
the expected general trend of decreasing stability for
increasing tool length is seen, significant local increases
in stability due to the ‘dynamic absorber effect’ are also
recognized. The improved stability offered by the 727 Hz
mode interaction (10:1 tool) agrees with the empirical
machining results shown in [8].
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Figure 12: Stability Lobe Diagram 10:1 Tool.
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Figure 13: Critical Stability Limits vs. Tool Length.

6 CONCLUSIONS

The application of receptance coupling substructure
analysis to tool point FRF prediction was demonstrated. It
was shown that analytic expressions for tool FRFs could
be coupled with holder/spindle experimental FRFs to
predict the assembly’s dynamic response.

A tool tuning example provided verification of this method.
Experimental and predicted results showed dramatic
variations in the tool point response as tool modes
interacted with holder/spindle modes, similar to the effect
seen in dynamic absorbers. Predicted local increases in
the critical stability limit matched previous empirical
results. Stability lobe diagrams were also generated and it
was shown that two optimization criteria for proper tool
length may be selected: 1) maximize the critical stability
limit, and 2) maximize the chatter free axial depth of cut at
the top available spindle speed.
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