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a  b  s  t  r  a  c  t

Self-excited  vibration,  or chatter,  is an  important  consideration  in  machining  operations  due  to  its  direct
influence  on  part  quality,  tool  life, and  machining  cost.  At low  machining  speeds,  a  phenomenon  referred
to  as  process  damping  enables  stable  cutting  at higher  depths  of  cut  than predicted  with  traditional  ana-
lytical  models.  This  paper describes  an  analytical  stability  model  which  includes  a  process  damping  force
that  is  dependent  on  the surface  normal  velocity,  chip  width,  cutting  speed,  and  an  empirical  process
eywords:
achining

hatter
tability
rocess damping

damping  coefficient.  Model  validation  is  completed  using  time  domain  simulation  and  turning  exper-
iments.  The  results  indicate  that  the  multiple  degree  of  freedom  model  is able  to  predict  the  stability
boundary  using  a  single  process  damping  coefficient.

© 2016 Elsevier  Inc.  All  rights  reserved.
imulation

. Introduction

Process damping is a phenomenon that enables increased
epths at cut at low cutting speeds in machining operations. When

ts effect is added to the analytical stability lobe diagram, a valu-
ble predictive capability is afforded to process planners for a priori
election of machining parameters. It enables process planners to
elect stable {spindle speed, depth of cut} combinations for both:

hard-to-machine materials, that are restricted to low cutting
speeds due to prohibitive tool wear, and, therefore, cannot cap-
italize on the increased depths of cut observed in traditional
stability lobe diagrams at higher spindle speeds; and
high machinability materials that are able to take advantage of the
increased depths of cut at the “best spindle speeds”, which occur
at rotating frequencies which are substantial integer fractions
of the natural frequency that corresponds to the most flexible
structural mode of vibration.

Nearly 50 years of experimental and theoretical investigations
ave yielded a phenomenological understanding of process damp-
ng. Pioneering work was completed by Wallace and Andrew
1], Sisson and Kegg [2], Peters et al. [3], and Tlusty [4]. These
tudies identified process damping as energy dissipation due to

∗ Corresponding author. Tel.: +1 17046875086.
E-mail address: tony.schmitz@uncc.edu (T.L. Schmitz).

ttp://dx.doi.org/10.1016/j.precisioneng.2016.03.017
141-6359/© 2016 Elsevier Inc. All rights reserved.
interference between the cutting tool relief, or clearance, face
and the machined surface during the inherent relative vibration
between the tool and workpiece. It was  hypothesized that process
damping increases at low cutting speeds because the number of
undulations on the machined surface between revolutions (turn-
ing) or teeth (milling) increases, which also increases the slope of
the wavy surface. This leads to increased interference and, conse-
quently, increased energy dissipation.

Follow-on work has included a plowing force model based on
interference between the tool’s relief face and workpiece surface
[5], application of the plowing force model to milling [6–9], a mech-
anistic description of the shearing and plowing force contributions
to process damping [10], and a first-order Fourier transform rep-
resentation of the tool-workpiece interference [11,12]. In [13,14],
a numerical simulation of a nonlinear process damping stabil-
ity model was  presented, while [15] provided an experimental
investigation of a nonlinear process damping model. Experimen-
tal identifications of a process damping model were presented in
[16,17]. This study builds on the analyses presented in [18–20].

In this paper, an analytical stability analysis is presented that
enables multiple degree of freedom (DOF) structural dynamics to
be considered, while describing the process damping force in the
surface normal direction as a function of the depth of cut, the cutting
speed, the tool velocity, and a single empirical coefficient. Because

the process damping force is based on the surface normal velocity,
which, in general, includes contributions from both orthogo-
nal dynamics directions, a coupled dynamic system is obtained.
The analytical solution for turning is presented in the following

dx.doi.org/10.1016/j.precisioneng.2016.03.017
http://www.sciencedirect.com/science/journal/01416359
http://www.elsevier.com/locate/precision
http://crossmark.crossref.org/dialog/?doi=10.1016/j.precisioneng.2016.03.017&domain=pdf
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Fig. 1. Turning model with a single DOF in two orthogonal directions.

ections. Validation of the algorithm using time domain simulation
nd experiments is provided.

. Stability algorithm

.1. Single DOF in two directions

The turning model with a single DOF in two orthogonal direc-
ions is depicted in Fig. 1. The two mode directions, u1 and u2, are
riented at the angles ˛1 and ˛2, respectively, relative to the sur-
ace normal direction, y. The cutting force, Fc, is oriented at the force
ngle ˇ. The variable component of the cutting force is described by
q. (1), where Ks is the specific cutting force coefficient, b is the com-
anded chip width, Y0 is the vibration amplitude in the y direction

rom the previous revolution, and Y is the current vibration ampli-
ude. The difference between Y0 and Y identifies the variable chip
hickness due to the vibration from one revolution to the next and
rovides the basis for regenerative chatter. The mean component of
he cutting force is excluded because it does not influence stability
or the linear analysis presented here.

c = Ksb(Y0 − Y) (1)

The assumption for Eq. (1) is that there is no phase shift between
he variable force and the chip thickness. This is indicated by the
eal values of b and Ks. However, it has been shown that a phase shift
an occur at low cutting speeds. This phenomenon is captured by
he inclusion of the process damping force, Fd, defined in Eq. (2) [17],
here C is the process damping coefficient, V is the cutting speed,

nd ẏ is the tool velocity in the y direction. The process damping
orce is oriented in the y direction and opposes the cutting force (as
rojected in the y direction). In other words, it is a viscous damping
orce. Therefore, the process damping force is used to modify the
tructural damping and obtain an analytical stability solution.

d = −C
b

V
ẏ (2)

To proceed with the solution, the cutting and process damping
orces are projected into the u1 and u2 directions as shown in Eqs.
3) and (4), where Fc1 and Fc2 are the cutting force components in
he u1 and u2 directions.

u1 = Fc cos(  ̌ − ˛1) − C
b

V
ẏ cos(˛1) = Fc1 − C

b

V
ẏ cos(˛1) (3)

u2 = Fc cos(  ̌ + ˛2) − C
b

V
ẏ cos(˛2) = Fc2 − C

b

V
ẏ cos(˛2) (4)

The time domain equations of motion for the two  directions
re provided in Eqs. (5) and (6), where mi, ci, and ki, i = 1, 2, are
he mass, viscous damping coefficient, and stiffness for the single
OF structural dynamics. In these equations, one overdot indicates
ne time derivative (velocity) and two overdots indicate two time
erivatives (acceleration).
1ü1 + c1u̇1 + k1u1 = Fc1 − C
b

V
ẏ cos(˛1) (5)

2ü2 + c2u̇2 + k2u2 = Fc2 − C
b

V
ẏ cos(˛2) (6)
eering 46 (2016) 65–72

The y direction velocity can be written as a function of the veloc-
ities in the u1 and u2 directions as shown in Eq. (7). Substitution of
Eq. (7) into Eqs. (5) and (6) yields Eqs. (8) and (9). Even though the
structural dynamics are uncoupled (orthogonal), the equations of
motion for the two directions are now coupled through the u̇1 and
u̇2 velocity terms.

ẏ = u̇1 cos(˛1) + u̇2 cos(˛2) (7)

m1ü1 + c1u̇1 + k1u1 = Fc1 − C
b

V
(u̇1 cos(˛1) + u̇2 cos(˛2)) cos(˛1) (8)

m2ü2 + c2u̇2 + k2u2 = Fc2 − C
b

V
(u̇1 cos(˛1) + u̇2 cos(˛2)) cos(˛2) (9)

By assuming a solution of the form u1(t) = U1eiωt for harmonic
motion, Eqs. (8) and (9) can be rewritten in the frequency domain (ω
is frequency). The results are provided in Eqs. (10) and (11), where
the U1 and U2 terms have been grouped on the left hand side in
both equations and the eiωt term has been dropped from both sides
in each case.(

−m1ω2 + iω
(

c1 + C
b

V
(cos(˛1))2

)
+ k1

)
U1

+ iω
(

C
b

V
cos(˛1) cos(˛2)

)
U2 = Fc1 (10)

(
−m2ω2 + iω

(
c2 + C

b

V
(cos(˛2))2

)
+ k2

)
U2

+ iω
(

C
b

V
cos(˛1) cos(˛2)

)
U1 = Fc2 (11)

These equations are arranged in matrix form as shown in Eq.
(12), where:

• a11 =
(
−m1ω2 + iω

(
c1 + C b

V (cos(˛1))2) + k1
)

• a12 = iω
(

C b
V cos(˛1) cos(˛2)

)
• a21 = a12
• a22 =

(
−m2ω2 + iω

(
c2 + C b

V (cos(˛2))2) + k2
)

.

[
a11 a12

a21 a22

]  [
U1

U2

]
=

[
Fc1

Fc2

]
(12)

Using complex matrix inversion on a frequency-by-frequency
basis, the direct and cross frequency response functions (FRFs) for
the coupled dynamic system are obtained as shown in Eq. (13). The
direct FRFs are located in the on-diagonal positions and the cross
FRFs are located in the off-diagonal positions; the cross FRFs are
equal because the inverted matrix is symmetric.

[
U1

U2

]
=

[
a11 a12

a21 a22

]−1 [
Fc1

Fc2

]
=

⎡
⎢⎣

U1

Fc1

U1

Fc2

U2

Fc1

U2

Fc2

⎤
⎥⎦

[
Fc1

Fc2

]
(13)

Tlusty [21] provided a frequency domain stability solution for
regenerative chatter in turning, which defines the limiting stable
chip width, blim, using Eq. (14), where Re(Gor) is the negative portion
of the real part of the oriented FRF, Gor. This oriented FRF represents
the projection of the cutting force into the mode direction and then
the projection of this result in the surface normal direction.

blim = −1
2KsRe(Gor)

(14)

To relate the frequency-dependent blim vector to the spindle

speed, ˝,  Eq. (15) is applied to determine the relationship between
and the valid chatter frequencies, fc (i.e., those frequencies where
Re(Gor) is negative). In this equation, N = 0, 1, 2, . . . is the inte-
ger number of waves per revolution (i.e., the lobe number) and
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Fig. 2. Comparison of analytical stability limit and time domain simulation results
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 = 2� − 2 tan−1
(

Re(Gor )
Im(Gor )

)
is the phase between the current vibra-

ion and the previous revolution.

fc
˝

= N + ε

2�
(15)

Tlusty’s approach is extended here to develop an oriented FRF
hat incorporates both the direct and cross FRFs from Eq. (13). The
riented FRF is defined using Eq. (16), where �ij, i, j = 1, 2, are the
irectional orientation factors:

�11 = cos(  ̌ − ˛1)cos(˛1) projects F into u1 to cause u1 vibration
through the direct FRF U1/Fc1 and then projects this result into y
�12 = cos(  ̌ + ˛2)cos(˛1) projects F into u2 to cause u1 vibration
through the cross FRF U1/Fc2 and then projects this result into y
�21 = cos(  ̌ − ˛1)cos(˛2) projects F into u1 to cause u2 vibration
through the cross FRF U2/Fc1 and then projects this result into y
�22 = cos(  ̌ + ˛2)cos(˛2) projects F into u2 to cause u2 vibration
through the direct FRF U2/Fc2 and then projects this result into y.

or = �11
U1

Fc1

+ �12
U1

Fc2

+ �21
U2

Fc1

+ �22
U2

Fc2

(16)

The direct and cross FRFs included in Eq. (16) incor-
orate the process damping contribution by modifying the
tructural damping through the terms: iω(c1 + C(b/V)(cos(˛1))2),
ω(C(b/V)cos(˛1)cos(˛2)), and iω(c2 + C(b/V)(cos(˛2))2) as shown in
q. (12). The process damping contribution depends on the (b/V)
atio in each case, where V = (�d)/60 (d is the workpiece diameter
nd  ̋ is expressed in rpm). Therefore, the b and  ̋ vectors must be
nown in order to modify the damping. This establishes a converg-
ng stability solution. The following steps are completed for each
obe number, N:

. the analytical stability boundary is calculated with no process
damping to identify initial b and  ̋ vectors

. these vectors are used to determine the initial process damping
contribution

. the stability analysis is repeated with the new damping terms to
determine updated b and  ̋ vectors

. the process is repeated until the stability boundary converges.

As shown in [18–20], the solution converges rapidly (20 itera-
ions or less is typically sufficient).

To demonstrate the algorithm, consider the model in Fig. 1
ith ˛1 = 30◦, ˛2 = 60◦,  ̌ = 70◦, Ks = 2000 N/mm2, C = 200 N/mm,  and

 = 75 mm for an outer diameter turning operation. The structural
ynamics are symmetric with a stiffness of 9 × 106 N/m, a natural
requency of 900 Hz, and a viscous damping ratio of 0.03 (3%). The
orresponding stability limit with process damping effects is dis-
layed in Fig. 2. To validate the predicted stability limit, Eqs. (5) and
6) were solved by Euler (numerical) integration in a time domain
imulation [22]. Stable {spindle speed, chip width}  combinations
re identified by circles and unstable combinations are represented
y squares in Fig. 2. Good agreement is observed.

.2. Two  DOF in two directions

The coupled dynamics solution is now extended to two DOF in
he two orthogonal directions, u1 and u2. From an FRF measurement
n each direction, the modal parameters can be extracted (by peak
icking, for example) which represent uncoupled single DOF sys-
ems in the modal coordinates q1 and q2 for the u1 direction and p1

nd p2 for the u2 direction [22]. This modal representation requires
hat proportional damping holds, but this is a reasonable approxi-

ation for the lightly damped tool dynamics typically observed in
ractice.
for turning model with a single DOF in two  orthogonal directions. Stable {spindle
speed, chip width}  combinations are identified by circles and unstable combinations
are represented by squares.

Eq. (5), which provides the equation of motion for the u1 direc-
tion with a single DOF, is rewritten in Eq. (17) to describe motion
in the first modal DOF, q1. The y direction velocity is again ẏ =
u̇1 cos(˛1) + u̇2 cos(˛2), but u̇1 is now the sum of the modal veloc-
ities, u̇1 = q̇1 + q̇2; similarly, u̇2 = ṗ1 + ṗ2. Substitution yields Eq.
(18). Eqs. (19) and (20) give the results for q2 motion (the second
modal DOF) in the u1 direction.

mq1 q̈1 + cq1 q̇1 + kq1 q1 = Fc1 − C
b

V
ẏ cos(˛1) (17)

mq1 q̈1 + cq1 q̇1 + kq1 q1 = Fc1 − C
b

V
cos(˛1)(cos(˛1)(q̇1 + q̇2)

+ cos(˛2)(ṗ1 + ṗ2)) (18)

mq2 q̈2 + cq2 q̇2 + kq2 q2 = Fc1 − C
b

V
ẏ cos(˛1) (19)

mq2 q̈2 + cq2 q̇2 + kq2 q2 = Fc1 − C
b

V
cos(˛1)(cos(˛1)(q̇1 + q̇2)

+ cos(˛2)(ṗ1 + ṗ2)) (20)

Eqs. (18) and (20) are converted to the frequency domain
by again assuming harmonic motion so that qj(t) = Qjeiωt and
pj(t) = Pjeiωt, j = 1, 2. Eq. (21) represents motion in Q1 and Eq. (22)
describes motion in Q2. Even though the modal degrees of freedom
are uncoupled by definition, the two equations of motion for the
u1 direction now include both Q1 and Q2 due to process damping.
Similar to the single DOF model in the previous section, the equa-
tions also include contributions from the u2 direction dynamics (P1
and P2). Interestingly, the equations of motion are coupled in both
modal coordinates and the two orthogonal directions. This presents
a rich dynamic system which is unlike other machining models.(

−mq1 ω2 + iω

(
cq1 + C

b

V
(cos(˛1))2

)
+ kq1

)
Q1

+
(

iωC
b

V
(cos(˛1))2

)
Q2 +

(
C

b

V
cos(˛1) cos(˛2)

)
(P1 + P2) = Fc1 (21)

( ( ) )

−mq2 ω2 + iω cq2 + C

b

V
(cos(˛1))2 + kq2 Q2

+
(

iωC
b

V
(cos(˛1))2

)
Q1 +

(
C

b

V
cos(˛1) cos(˛2)

)
(P1 + P2) = Fc1 (22)
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Following the same approach, the frequency domain equations
or the u2 direction are presented in Eqs. (23) and (24), where Eq.
23) describes motion in P1 and Eq. (24) describes motion in P2.

−mp1 ω2 + iω

(
cp1 + C

b

V
(cos(˛2))2

)
+ kp1

)
P1

+
(

iωC
b

V
(cos(˛2))2

)
P2 +

(
C

b

V
cos(˛1) cos(˛2)

)
(Q1 + Q2) = Fc2 (23)

−mp2 ω2 + iω

(
cp2 + C

b

V
(cos(˛2))2

)
+ kp2

)
P2

+
(

iωC
b

V
(cos(˛2))2

)
P1 +

(
C

b

V
cos(˛1) cos(˛2)

)
(Q1 + Q2) = Fc2 (24)

Eqs. (21)–(24) are arranged in matrix form as shown in Eq. (25),
here:

a11 =
(
−mq1 ω2 + iω

(
cq1 + C b

V (cos(˛1))2) + kq1

)
a12 = iω

(
C b

V (cos(˛1))2)
a13 = iω

(
C b

V cos(˛1) cos(˛2)
)

a14 = iω
(

C b
V cos(˛1) cos(˛2)

)
a21 = a12
a22 =

(
−mq2 ω2 + iω

(
cq2 + C b

V (cos(˛1))2) + kq2

)
a23 = iω

(
C b

V cos(˛1) cos(˛2)
)

a24 = iω
(

C b
V cos(˛1) cos(˛2)

)
a31 = a13
a32 = a23
a33 =

(
−mp1 ω2 + iω

(
cp1 + C b

V (cos(˛2))2) + kp1

)
a34 = iω

(
C b

V cos(˛1) cos(˛2)
)

a41 = a14
a42 = a24
a43 = a34
a44 =

(
−mp2 ω2 + iω

(
cp2 + C b

V (cos(˛2))2) + kp2

)
.

a11 a12

a21 a22

a13 a14

a23 a24
a31 a32

a41 a42

a33 a34

a43 a44

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

Q1

Q2
P1

P2

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

Fc1

Fc1

Fc2

Fc2

⎤
⎥⎥⎥⎦ (25)

Again using complex matrix inversion on a frequency-by-
requency basis, the direct and cross frequency response functions
FRFs) for the coupled dynamic system are obtained as shown in
q. (26).

Q1

Q2

P1

P2

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

⎤
⎥⎥⎥⎥⎦

−1 ⎡
⎢⎢⎢⎢⎣

Fc1

Fc1

Fc2

Fc2

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q1,1

Fc1

Q1,2

Fc1

Q1,3

Fc2

Q1,4

Fc2

Q2,1

Fc1

Q2,2

Fc1

Q2,3

Fc2

Q2,4

Fc2

P1,1

Fc1

P1,2

Fc1

P1,3

Fc2

P1,4

Fc2

P3,1 Q2,3 P2,3 P2,4

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

Fc1

Fc1

Fc2

Fc2

⎤
⎥⎥⎥⎥⎦ (26)
Fc1 Fc1 Fc2 Fc2

The direct FRFs in the u1 and u2 directions are defined by Eqs.
27) and (28), respectively; the cross FRFs are provided in Eqs. (29)
Fig. 3. Comparison of analytical stability limit and time domain simulation results
for turning model with two DOF in two orthogonal directions.

and (30). The oriented FRF is again calculated using Eq. (16) and the
directional orientation factors are the same.

U1

Fc1

= Q1,1

Fc1

+ Q1,2

Fc1

+ Q2,1

Fc1

+ Q2,2

Fc1

(27)

U2

Fc2

= P1,3

Fc2

+ P1,4

Fc2

+ P2,3

Fc2

+ P2,4

Fc2

(28)

U2

Fc1

= P1,1

Fc1

+ P1,2

Fc1

+ P2,1

Fc1

+ P2,2

Fc1

(29)

U1

Fc2

= Q1,3

Fc2

+ Q1,4

Fc2

+ Q2,3

Fc2

+ Q2,4

Fc2

(30)

The model may  be extended to additional DOFs in each direction.
For three DOFs in each direction, for example, Eq. (25) becomes a
6 × 6 symmetric matrix. The direct and cross FRFs are then a sum
of six, rather than four, terms from the inverted matrix.

To demonstrate the multiple DOF algorithm, consider the
model in Fig. 1 with ˛1 = 30◦, ˛2 = 60◦,  ̌ = 70◦, Ks = 2000 N/mm2,
C = 200 N/mm,  and d = 75 mm for an outer diameter turning opera-
tion. The structural dynamics are symmetric with a modal stiffness
of 7 × 106 N/m, a natural frequency of 600 Hz, and a viscous modal
damping ratio of 0.03 (3%) for the first mode and a modal stiffness
of 9 × 106 N/m, a natural frequency of 900 Hz, and a viscous modal
damping ratio of 0.03 (3%) for the second mode. The corresponding
stability limit with process damping effects is displayed in Fig. 3. To
validate the predicted stability limit, the modal equations of motion
were solved by Euler (numerical) integration in a time domain sim-
ulation [22]. Stable {spindle speed, chip width}  combinations are
identified by circles and unstable combinations are represented by
squares in Fig. 3. Good agreement is observed.

3. Experimental set-up

Low-speed cutting tests were performed in order to validate the
multiple degree of freedom process damping model and calculate
a process damping coefficient. The experiments were carried out
on a Haas TL-1 CNC lathe. A custom notch hinge flexible cutting
tool was designed to provide a multiple degree of freedom (DOF)
system in the feed direction of the cutting operation; see Fig. 4.

A tube turning geometry was selected for the cutting tests. In this
arrangement, the feed direction is parallel to the tube axis. Because

the flexure compliance was much higher than the workpiece in
the feed direction, the stability analysis was completed using the
flexure’s dynamic properties only. The frequency response function
and modal parameters for the flexure in the feed and tangential
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Fig. 4. Experimental setup for turning stability tests. A cutting force dynamometer
and accelerometer (not shown) were used to monitor the cutting process.
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acteristics of stable and unstable cutting conditions. Fig. 8 presents
the force and acceleration signals for point A (V = 82.1 m/min,

 ̋ = 300 rpm, b = 3 mm).  It was observed that the force for this
ig. 5. Frequency response function of flexible cutting tool in tangential and feed
irections.

irections are provided in Fig. 5 and Table 1. These were determined
sing impact testing, where an instrumented hammer is used to
xcite the structure and the response is measured using a linear
ransducer (a low mass accelerometer in this case).

The workpiece material for all cutting tests was 6061-T6 alu-
inum. The wall thickness of the tube was varied, while a constant
ean workpiece diameter of 87 mm was maintained for all exper-

ments. The cutting insert (Kennametal SPEB322) was  TiN coated
ith an 11 deg relief angle, 0 deg rake angle, and no chip breaker.

he commanded chip width, b, varied between 1.0 mm and 3.0 mm
nd the cutting speed range was 82–273 m/min  (300–1000 rpm).
he feed rate was held constant at 0.13 mm/rev.
able 1
odal parameters for flexible cutting tool setup.

Direction Viscous damping
ratio (%)

Modal stiffness
(×107 N/m)

Natural
frequency (Hz)

Tangential 7.21 3.71 703

Feed
6.23 0.80 303
9.01 0.96 405
1.68 1.88 1433
Fig. 6. Experimental setup used to identify the force model for the selected
tool/workpiece combination.

4. Experimental results

Before stability testing was  completed, the force model for the
workpiece/cutter combination was  identified. This was achieved
under stable cutting conditions using an off-the-shelf lathe insert
holder that held the same insert as the manufactured flexible tool.
The inserted holder was  mounted to the cutting force dynamometer
(Fig. 6). The force model was  calculated at both 500 and 1000 rpm
for b = 1 mm  and feed rate of 0.13 mm/rev. The mean values were
Ks = 1343 ± 32 N/mm2 (which scales the chip area to obtain the
resultant cutting force) and  ̌ = 55◦ (the force angle).

The stability was identified using an accelerometer (PCB
Piezotronics model 352B10) and cutting force dynamometer
(Kistler model 9257B). The force and vibration levels, as well as
the frequency content of the two  signals, were used to estab-
lish stable/unstable performance. Also, qualitatively, the machined
surface finish after each test cut was inspected using a digital
microscope.

4.1. Process damping coefficient

A grid of low-speed test points was selected to investigate the
process damping behavior for the multi-degree of freedom system;
see Fig. 7. Points A and B in Fig. 7 were selected to illustrate the char-
Fig. 7. Grid of stable (o) and unstable (×) chip width/spindle speed combinations.
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ig. 8. (Top row) Cutting force and accelerometer time domain signals in the feed
irection for the stable point A {300 rpm, 3.0 mm} with (bottom row) corresponding
requency content.

table cut remained steady at a mean of approximately 364 N with
o apparent growth or instability in the time domain. The frequency
ontent of the force and accelerometer signals at point A reveal
mall, but not distinct, peaks near the flexure’s natural frequencies.

Point B in Fig. 7 represents an unstable cut (V = 109.5 m/min,
 = 400 rpm, b = 3.0 mm).  Fig. 9 displays the force and vibration sig-

als. A substantial increase in force and acceleration are observed
fter approximately one second of cutting. The fundamental chat-
er frequency, fc = 310 Hz, is near the first vibration mode of the
exure-based tool.
.2. Machined surface and chip morphology

Fig. 10 presents the surface finish and chip morphology for a
ypical stable test. The digital microscope image in Fig. 10b displays

Fig. 10. Machined surface and chip

Fig. 11. Machined surface and chip m
Fig. 9. (Top row) Cutting force and accelerometer time domain signals in the feed
direction for the unstable point B {400 rpm, 3.0 mm} with (bottom row) correspond-
ing frequency content. The chatter frequency is approximately 310 Hz.

an end view of the cut tube; a smooth surface with no apparent
chatter vibrations is observed. The chips are smooth and continuous
due to the absence of a chip-breaker.

Fig. 11 shows the surface and chip morphology for an unsta-
ble cut. The digital microscope image in Fig. 11b displays the large
undulations due to chatter. The chips contain similar undulations
and are irregular and discontinuous due to the large vibration lev-
els; see Fig. 11c.

A process damping coefficient, C, was  estimated based on a sin-
gle variable residual sum of squares (RSS) minimization that best
represented the stability boundary [20]. The stability boundary and

grid of stable/unstable test points are presented in Fig. 12. A pro-
cess damping coefficient value of C = 1.3 × 105 N/m was found to
best represent the stability boundary. It is interesting to note the
intersection of the stability boundary caused by the two vibratory

 morphology for a stable cut.

orphology for an unstable cut.
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Fig. 12. Stability boundary for the multi-degree of freedom system with the grid of
stable (o) and unstable (×) cutting tests (C = 1.3 × 105 N/m).

Table 2
Modal parameters for subsequent turning tests.

Direction Viscous damping
ratio (%)

Modal stiffness
(×107 N/m)

Natural
frequency (Hz)

Tangential 7.21 3.71 703

Feed
3.56 0.85 304
5.46 1.17 394
0.99 2.69 1410
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cutting processes. J Eng Ind 1989;111:37–47.
ig. 13. Grid of stable (o) and unstable (×) test points with the final stability bound-
ry corresponding to C = 2.6 × 105 N/m.

odes that occurs at approximately 500 rpm in this experiment. In
act, it is the lower stability boundary (corresponding to the more
exible vibration mode) that truncates the upper stability boundary
corresponding to the stiffer vibration mode) and largely influences
he process damping coefficient value.

In subsequent testing of the multiple DOF turning setup, the
ynamics of the system were changed slightly when the flexure
as removed from the dynamometer and replaced; see Table 2. In
articular, the damping ratios in the feed direction decreased. A
imilar grid of {b, ˝}  combinations were tested for the new setup
nd the stability was analyzed. A process damping coefficient of

 = 2.6 × 105 N/m was calculated to best fit the grid of test points.
owever, it was observed that the grid of stable and unstable points

hanged relatively little between the two tests; see Fig. 13. Due
o the slight changes in dynamics, the intersection of the stabil-
ty boundaries also changes. The intersection of the two  stability
eering 46 (2016) 65–72 71

boundaries, which occurred at approximately 500 rpm and 2.5 mm
previously, now occurs near 1200 rpm and 1.5 mm.  The stability
boundary is truncated in such a way  that it is now the upper bound-
ary (corresponding to the stiffer vibration mode) which limits the
allowable chip width at most speeds and, therefore, dictates the
best fit process damping coefficient.

It is concluded that there is a decision to make when analyzing
multiple DOF systems. Either the user can fit the stability boundary
while taking into consideration all modes of vibration or the user
can consider only the most flexible mode of vibration when cal-
culating the process damping coefficient. The former method may
lead to higher, perhaps artificial, process damping coefficient val-
ues. The latter method, choosing the more flexible vibration mode,
yields process damping values which have been shown to agree
well with single and multiple DOF milling systems using a similar
experimental approach [23].

5. Conclusions

An analytical stability model was presented which accounts for
multiple degree of freedom vibratory systems in turning applica-
tions. The model includes a process damping force in the surface
normal direction which depends on the depth of cut, the cutting
speed, the tool velocity, and an empirical process damping coeffi-
cient, C.

The analytical model was validated using time domain simu-
lation and experiments. Stability testing was  completed using a
custom parallelogram notch hinge flexure-based cutting tool to
machine a tubular workpiece. The cutting tool was designed to
have multiple vibratory modes in the feed direction. Cutting force
and vibration signals were used to distinguish between stable and
unstable cutting conditions for a defined grid of low spindle speed,
chip width pairs. Using the most flexible vibration mode, a process
damping coefficient of C = 1.3 × 105 N/m was  calculated to best fit
the grid of test points using a residual sum of squares minimization
for 6061-T6 aluminum. It was  concluded that in a multiple degree
of freedom scenario the most flexible mode of vibration should be
used when identifying the process damping coefficient.

Process damping is particularly important for cutting hard-to-
machine materials, as well as machining processes that are limited
to low cutting velocities such as turning. By exploiting process
damping, higher stable depths of cut can be achieved. Knowledge
of process damping coefficients for particular materials enables
pre-process selection of machining parameters that provide high
productivity.
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