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Abstract

In this paper an analytic expression for chip thickness in milling was formulated while considering the cycloidal motion of the teeth, runout,
and uneven teeth spacing. In order to generalize the equation, the cutting parameters associated with milling (linear feed, tool rotational speed,
and radius) were combined into a single, non-dimensional parameter. The new parameter allowed abstraction of the milling process and enabled
selection of the maximum possible chip thickness in milling. Equations for entry and exit angles of a cut were also developed. The chip thickness
values given by the new model were compared to prior models and showed lower error levels.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Discrete part production by macro- and micro-milling remains an important manufacturing capability. To improve process
efficiency and part quality, research efforts continue with a focus on pre-process performance predictions. Important aspects of
milling models include developing an accurate description of the system dynamics and cutting forces; see [1] for an overview. The
cutting forces are generally taken to be a function of the time varying chip thickness. Therefore, a number of authors have studied
chip thickness in milling and reported various models [2—11].

In this work, we build on these previous studies to develop an analytical chip thickness model that incorporates the cycloidal
trajectories of the cutter teeth, radial runout of individual teeth, and uneven teeth spacing. Expressions for entry and exit angles and
limiting combinations of feed rate, spindle speed, and tool radius for chip formation are also provided. It is shown that: (1) the new
model is more accurate than the well-known circular tooth path approximation and the analytical model presented in Ref. [12]; and
(2) the accuracy does not degrade in the presence of runout. The reader may note that this is a geometric model only and does not
incorporate such effects as minimum chip thickness and material elastic recovery observed in micro-milling [13].

2. Non-dimensional tool path
The path of the ith tooth in a milling cut can be described parametrically as
xi = pb +risin(6 + @), yi = ricos(6 + i), )]

where p =flw = Nfi/27 is the radius of the circle that defines the cycloidal motion of the tooth, f the linear feed rate, w the rotational
speed of the tool, N; the number of teeth on the tool, f; the feed per tooth, r; the radius of the ith tooth including runout, 6 the
instantaneous cutter angle, and ¢; is the angle between 6 and the ith tooth. Fig. 1 shows a schematic of the tool path and tool. Eq.

* Corresponding author. Tel.: +1 352 392 8909; fax: +1 352 392 1071.
E-mail address: leemk @ufl.edu (L.M. Kumanchik).

0141-6359/$ — see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.precisioneng.2006.12.001


mailto:leemk@ufl.edu
dx.doi.org/10.1016/j.precisioneng.2006.12.001

318 L.M. Kumanchik, T.L. Schmitz / Precision Engineering 31 (2007) 317-324

| Reference

(b)

Fig. 1. (a) Path for a tooth of radius r; attached to a circle of radius p which rolls along an imaginary surface. (b) A schematic of the milling tool. Teeth can be
unevenly spaced and each tooth can have a different radius. The reference, 6, is common for all teeth; the difference in angular position for each tooth is the angle ¢;
which is measured from the reference.

(1) can be rewritten in non-dimensional form by dividing by the nominal tool radius, r, yielding:
Xi . i
X; = 7’ = &6 + a; sin(@ + ¢;), Y, = % = a; cos(d + &), )

where ¢ = p/r is the non-dimensional cutting parameter, «; = 1 + ¢; the non-dimensional tool radius of the ith tooth which is nominally
1 but varies by e;, and ¢; is the runout of the ith tooth normalized with the nominal radius 7. For no runout the non-dimensional path of
any tooth is defined solely by ¢. The non-dimensional parameter, ¢, is proportional to the linear feed rate and inversely proportional
to the rotational speed of the tool and the tool radius. As ¢ increases the tool path becomes more elongated and the chip thickness
increases. Tool path plots for a two-tooth cutter with various ¢ values are provided in Fig. 2.

3. Limit of chip formation

The chip thickness in milling is defined as the distance between the current tooth’s path and the previous tooth’s path along the
line segment connecting the tool center to the current tooth’s cutting edge. Fig. 2c shows that for the given orientation the chip
thickness definition is violated since the chip thickness is not defined between the current and previous paths and extends beyond the
tool center. If the definition for chip thickness is to be satisfied, ¢ must be decreased so that the current tooth intersects the previous
tooth’s path as shown in Fig. 2b. The limit of chip formation is then given by the value ¢j;, which forces all orientations of the
current tooth between chip entry and exit to adhere to the definition for chip thickness. Though the orientations shown in Fig. 2 seem
arbitrarily chosen, simulations show that this is the first orientation to violate the chip thickness definition as ¢ increases.

As a first approximation of the case shown in Fig. 2b, assume that the point of intersection, B, occurs on the line Y=0. Then at
some point in time, fy, the leading tooth, i+ 1, rotates onto Y, =0 at the angle 0;, + ¢y = 7/2 and later in time, 1, the cutting
tooth, i, rotates onto Y; = —q; at the angle 6, + ¢; = 7. For &}, these two locations share the same x-coordinate:

Xi(0r) = Xi+1(6y), g0 + a; sin(0;, + ¢;) = €6y + i1 8in(Gy, + Git1),
di+1

(t/2) + piy1 — i

e(m — ¢i) +aisin(m) = ¢ (% - ¢i+1> + @jq18in (g) . € (% + dir1 — ¢i) =iy, Elim= (3)
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Fig. 2. Plots of the non-dimensional tool path with increasing ¢ values. Point A is the tip of the current tooth, i, B is the instantaneous intersection with the previous
tooth’s path, i+ 1, and C is the tool center. The instantaneous chip thickness of the current tooth is the line segment AB. The outline of the chip being formed is
highlighted using bold lines with (a) and (b) marking the tooth entrance and exit angles, respectively.

As shown by Eq. (3), the limiting ¢ value is a function of the angle difference between teeth and it increases for smaller teeth spacing.
Evenly spaced teeth have the same angle difference between all teeth, ¢;.1 — ¢; =27w/Ny, but for unevenly spaced teeth the largest
difference between any two consecutive teeth should be used for determining €jir,. In addition, €, is influenced by runout, therefore,
the smallest tooth’s non-dimensional radius should be used for the value of «;;; when applying Eq. (3). Finally, if &j;, is rewritten
in familiar terms, Nfi/27rr, and evenly spaced teeth are assumed, then (fi/r)iim = 27wt 1 /(N(7T/2 + pir1 — ¢i)) = aip1 /(N4 + 1). It is

important to note that even when written this way, (fi/r)im is still dependent on the number of teeth even though the quantity, fi/r, is
independent of the number of teeth.

In reality the true point of intersection, B, occurs when the tooth, i + 1, has an x-direction velocity of zero:

d(Xiv1)

&
B —° + @it cos(Oy + ¢it1) =0, 01, + ¢i+1 = arccos (—) :

Qi+1

The next tooth, i, still rotates to 8;, + ¢; = 7 and the x-coordinate of these two points are coincident:
Xi(0r4+1) = Xi+1(6y), €0r1 + a; sin(G;41 + @) = €6, + a1 sin(6; + Piy1),

e(m — ¢;) + a;sin(wr) = ¢ [arccos (— £ ) — ¢,~+1] + @41 Sin [arccos (—8)] ,
oit1

Qi+l

. {n - (_8) i — ¢l} ey sin [arccos (_8)] e ;41 sin[arccos(—e/aj11)] @)

Qiy1 iyl [ — arccos(—&/aiq1) + piv1 — ¢l

Eq. (4) must be solved numerically for a given angle difference. A plot of Egs. (3) and (4) versus angle difference, ¢;y1 — ¢;, and
the error between them, Aer, is provided in Fig. 3. The value of ¢}y, is given for the angle difference corresponding to 2—5 tooth

cutters with evenly spaced teeth. Most milling cuts have values of ¢ that are far below the limiting value, so };, represents extremely
aggressive cutting.

4. Analytical chip thickness

The uncut chip thickness of the current tooth is the distance between the current and previous tooth paths along the line segment
connecting the tool center to the current tooth’s cutting edge which is marked as AB in Fig. 2. The non-dimensional chip thickness
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Fig. 3. Limiting value of ¢ to retain normal chip formation given the angle difference between successive teeth. Smaller angle differences enable more aggressive
cutting.

is then

H,=|4B|=|4c] |5l =, -|aC]
o= (%o, 0] 4 vl 24eT )

H=a,|e(6,-6,] +260,,(6, -6, )sin(6, +0,. )+ a5,

2

&)

where |AC| and |BC]| are the distances between points A and C, and B and C, respectively, in Fig. 2, and X¢ and Y are the coordinates
of the tool center (Yc =0 always in the absence of tool vibrations which are not modeled here). As shown in [12], but rewritten in
non-dimensional form, the relationship between 6, and 6;, is

(etl - 9[0)8 COS(@{I + ¢l) + [¢7EE] Sin[(etl + d)l) - (Qto + ¢i+1)] =0. (6)

In order to make Eq. (5) a function of the current cutting tooth’s angle, 6;,, 6;, must be determined numerically from Eq. (6) [12].
However, the sinusoidal term in Eq. (6) contains the difference between the angle of the current cutting tooth, 8;, + ¢;, and leading
tooth, 6y, + ¢;+1. Even for large ¢ values this difference is small, enabling a linear small angle approximation of the sinusoidal term

(sinf=6):
(611 - 0[0)8 COS(@H + d)l) + Qi1 Sin(etl + ¢i - 9[0 - ¢i+1)=0a (etl - 910)8 COS(@[I + d)l) + ai—i—l(etl + ¢i - 61() - ¢i+l):07

Oy ecos(O + ¢i) + it 10y + di — Pit1)

Or (e cos(Or + ¢i) + aiv1) = O ecos(Oy, + @) + aiy1(0y + i — Git1), Oy £ cos@h + o) T o
1 i i+

_ Or, (e cos(0, + &) + aiv1) + it 1(di — Git1)
gcos(Oy + @) + g1 '

_ Pit1 — i
(¢/aiy1)cos(O, + @)+ 1

b1 )

b = 61

Substituting Eq. (7) into Eq. (5) yields the non-dimensional chip thickness for the milling operation expressed as a function of
the non-dimensional parameter, ¢, and the non-dimensional tool radius, «, in terms of the current cutting tooth angle, 6;, .

5. Entry and exit angles

The entry and exit angles for slotting (i.e., radial depth equal to the tool diameter) can be determined by setting Eq. (5) equal to
Zero:

H; = a; — \/e2(01) — 0,)* + 2eti 410y — 61,) sin(0yy + pig1) + oF, =0,
82(0,0 — 6 Y+ 2eai11(0yy — ) sin(Oyy + Piv1) + Ol,'z+1 = Oliz’

2 2 2 2

. . aif —ai g — & (0 — 1)

260ti41(6r — O1y) Sin(Oyy + di1) = of — oy — 2B — 0n)*, 6y + i1 = arcsin | ———1 0o
28ai+1(9t0 - 9[1)

®)
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Since the entry and exit angles occur near 6 + ¢ =0 and 6 + ¢ =7, respectively, Eq. (7) can be approximated as (6, — 6;, )emry =
(@i — ¢i+1)/[(e/ait1) cos(0) + 1] for the entry angle and (0y, — 0, )i, = (P — Pit1)/[(e/aiv1) cos(rr) + 1] for the exit angle. These
results can then be substituted into Eq. (8):

(o2 — a2, | — 2[(¢i — pir1)/(s/ais1 + DI
2eati 1 (i — Pit1)/(e/atip1 + 1)]

(Org + @it 1)epyry = arcsin

e(—i + Bit1) (—a? + o2 )((e/otiy1) + 1)

= arcsin
| 201 ((e/atigr) + 1) 2eaip1(—¢i + Piv1)
[ o — (2 /a2 .
— arcsin 1 Git1 — Gi 1 ((xl /a,+1) (@jy1/6) +1 ’ (9a)
|2 (@iy1/e) +1 2 i1 — ¢
_ o i =@ /o) (i /e) — ]
O + it )exiy = aresin [2 (ait1/8) — 1 * 2 biy1— i |’ %6)

Since the arcsine function in Egs. (9a) and (9b) is multivalued, the expressions are not specific to any single chip being formed.
However, if we consider the first chip to form, which has entry and exit angles near (6;, + ¢;+ 1)emry = 0and (0;) + Pit1)eyiy = 7>
Egs. (92) and (9b) can be written using the principal inverse sine function:

_ |l = 1= (@) (@i /o) + 1

(9[0 + ¢‘+1)Cntry = Sin lz (ai+1/£) + 1 2 ¢i+1 — ¢i P} (IOa)
. e |t 1 — (@ [} ) (aig1/e) — 1

(Bry + Pit1)eyyy = 7 — sin lz @a1/o) 1 + 3 b — o | (10b)

Egs. (10a) and (10b) capture entry angles that fall between [—m/2, /2] and exit angles that fall between [7/2, 377/2], but they
only define the angular position of the leading tooth, i + 1. If used together with Eq. (2), they can generate the angular position of
the current cutting tooth, i, by setting the y-equations for the different teeth equal to each other and solving for 6;, + ¢;:

®it+1
(’; cos(By, + dis1)] - (11)
1

Yi(0) = Yi+1(0) = a; cos(0, + ¢;) = ajy1¢08(6y + Git1), Oy + ¢ = arccos {

Similar to before, the arccosine function in Eq. (11) is multivalued. The difference is that the principal inverse cosine function
has an interval between [0, 7] and, depending on the system parameters, the entry and exit angles for tooth i can fall both inside and

outside the interval. This means that Eq. (11) can assume four different forms when considering values near (6;, + ¢i)emry =0and
O + Pi)exiy = T
Oy + Pi)epiry = —cos ™" { ""f‘ cosl(6h, + i1 )emy]} : (12a)
O + D)oy = 27 — cos ™! {a": cos[(6;, + ¢i+1)exn]} , (12b)
Oy + B)epyry = cOS ™! { “”*Z_I cos[(B, + ¢,-+1)emry1} , (12¢)
(61 + Pi)eyiy = cos™ ! {01(1;:1 cos[(0, + ¢i+l)exit]} : (12d)

Egs. (12a) and (12b) describe entry angles in the interval [—, 0] and exit angles in the interval [z, 27r], while Eqgs. (12c) and (12d)
describe entry and exit angles in the interval [0, 7r]. Typically, Eqgs. (12c) and (12d) are used when («;4+1/c;) > 1; however, all system
parameters are important. In general, since the entry/exit angles come about from an intersection between the leading tooth, i + 1,
and the current tooth, 7, both sets of equations can be evaluated and the correct set determined by checking to see which generates
an intersecting point using Eq. (2).
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Table 1

Comparison between different feeds, spindle speeds, and diameters used to generate &

Workpiece material Spindle speed (rpm) Feed (in./min) Diameter (in.) e

Steel [14] 120,000 2.36 0.02 0.0003
Steel [12] 2,000 1.00 1/8 0.0013
Steel [12] 15,000 5.00 1/16 0.0017
Steel [14] 120,000 28.35 0.02 0.0038
Aluminum [12] 32,000 32.00 1/16 0.0051
Aluminum [12] 50,000 50.00 1/16 0.0051
Aluminum [12] 32,000 48.00 1/16 0.0076
Aluminum [12] 50,000 75.00 1/16 0.0076
Graphite [12] 15,000 30.00 1/16 0.0102
Graphite [12] 15,000 100.00 1/16 0.0340
Graphite [12] 15,000 70.00 0.02 0.0743
Graphite [12] 15,000 120.00 0.02 0.1273

The values were obtained from the references identified in the left column.

6. Results

In order to test the accuracy of the chip thickness equation developed here, comparison was made to other commonly used methods.
The reference chip thickness was determined using the time domain simulation described in [8]; the reference was validated using
the numerical solution in [13], referred to as (HLXL) in the subsequent examples. The analytical methods tested were: the solution
provided here (Linear), the circular tooth path approximation (Circular), and the solution developed in [12] (WBIT).

Each method for calculating chip thickness was adapted in order to use the non-dimensional parameters described previously.
Example ¢ values are listed in Table 1 to establish a baseline for comparison. The analytical chip thickness equations expressed in
non-dimensional form are

27 . . 2T . 2 5 . 272 2 2
H; = ﬁa sin(6 + ¢;) (circular), H; = ﬁs sin(6 + ¢;) — ﬁe sin(@ + ¢;) cos(0 + ¢;) + FE cos“(0 + ¢;) (WBIT).
t 13 t t

A plot of the average error between each method and the reference for a two tooth slotting operation is provided in Fig. 4a. The
value ¢ is varied from near zero to the limiting value for the selected case (¢}, =0.217). All analytical solutions deteriorate in their
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Fig. 4. (a) Average error with increasing values of ¢ for each solution as compared to the reference. (b) The error in the linear solution when runout is applied as
compared to the reference with the same runout. In both cases, the HLXL solution shows ~0% error which verifies the reference.
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Fig. 5. The positive error in chip thickness as a function of cutter angle for a two tooth tool in a slotting cut. The error is capped at 100% and also is set to 100% if

the solution being considered predicts a value for chip thickness when the time domain solution does not (the denominator of the error equation is zero). In (a) the
linear solution has an error equal to the HLXL solution.

ability to predict average chip thickness as € increases; however, the analytical solution described in this paper is more accurate than
the other analytical solutions for every value of ¢. The graph in Fig. 4b shows that if runout is included in the linear solution, its
ability to predict chip thickness remains approximately the same. Fig. 5 shows the positive error in chip thickness between the time
domain and the analytical solutions as a function of cutter angle for various ¢ values, again for two tooth slotting. The positive error

has been capped at 100% to avoid distorting the graph when the value of the time domain simulation (the denominator of the error
equation) is near or equal to zero.

7. Conclusions

In this paper an improved analytical model for chip thickness in milling was developed. First, the equations which describe tool
motion were non-dimensionalized yielding two parameters that define the cutting conditions in milling. Using these parameters,
the limit for chip formation was obtained. Then, the non-dimensional chip thickness was determined based on a small angle
approximation of the sinusoidal term in the working equation. Finally, expressions for the entry and exit angles were provided. The
method from this paper was then compared, along with other methods, to a time domain simulation. In all comparisons the method
from this paper more closely approximated the time domain simulation than the other analytical approaches.
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