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Two different analytical approaches for predicting thin rib, fixed-free beam dynamics with varying
geometries are presented. The first approach uses the Rayleigh method to determine the effective mass for
the fundamental bending mode of the stepped thickness beams and Castigliano’s theorem to calculate the
stiffness both at the beam’s free end and at the change in thickness. The second method uses receptance
coupling substructure analysis (RCSA) to predict the beam receptances (or frequency response functions)

geywor#35 at the same two locations by rigidly connecting receptances that describe the individual stepped beam
Bzr:;]mlcs sections, where the receptances are derived from the Timoshenko beam model. Comparisons with finite

Rib element calculations are completed to verify the two techniques. It is observed that the RCSA predic-
Milling tions agree more closely with finite element results. Experiments are also performed, where the stepped
Receptance coupling beam thickness is changed by multiple machining passes, and receptance measurements are carried out

between passes. The RCSA predictions are compared to experimental results for natural frequency and

stiffness. Agreement in natural frequency to within a few percent is reported.
© 2017 Published by Elsevier Ltd on behalf of The Society of Manufacturing Engineers.

1. Introduction

It is common practice to produce monolithic metallic compo-
nents with thin ribs from solid billets by machining (subtractive
manufacturing). This enables complex parts with high strength-
to-weight ratio to be produced without significant assembly time
and cost. Application domains range from aerospace structures to
laptop cases. With the recent advances in metal additive manu-
facturing, it is also possible to produce near net shape parts that
require only minimal machining to provide the desired surface
finish and dimensional accuracy. This is particularly attractive for
titanium alloys due to their high material cost and low machin-
ability. The inherent challenge with this hybrid (i.e., combined
additive and subtractive) approach is machining flexible parts.
The low dynamic stiffness of the thin, near net shape ribs limits
both machining stability (i.e., self-excited vibration, or chatter, can
occur) and part accuracy (via the surface location errors that can
arise from forced vibrations) [1].

Because thin rib machining is widespread, many authors have
reported modeling efforts and production strategies with the intent
to improve process performance. These efforts are summarized
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in Table 1. While this review may not be exhaustive, it does
demonstrate the significant effort that has been expended on this
important technological challenge over the past two decades.

In prior work, finite element analysis has been the primary tool
to model and predict the thin rib dynamics and, in many cases, the
change in the rib dynamics as material is removed. In this paper,
two analytical approaches are presented to describe the stiffness
and natural frequency of fixed-free beams, as well as the change in
stiffness and natural frequency as material is removed by milling.
The specific challenge of near net shape machining, where an ini-
tially thinrib is machined to produce a thinnerrib, is addressed. The
advantage of an analytical approach to the system dynamics pre-
diction is that, as the dynamics change, the machining conditions
can be selected and updated at less computational expense than a
full finite element solution to maximize material removal rate for
the current dynamic system. Naturally, these operating parameters
change as material is removed (as evidenced by the prior research
efforts), so an analytical updating procedure is beneficial.

In this analysis fixed-free beams with stepped profiles are used
to represent the thin ribs geometries and subsequent material
removal. The paper outline follows.

e First, the two analytical models are described. Rayleigh’s method
is applied to determine the effective mass and Castigliano’s theo-
rem is used to find the stiffness. Together, the mass and stiffness

1526-6125/© 2017 Published by Elsevier Ltd on behalf of The Society of Manufacturing Engineers.
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Table 1
Prior research in thin rib machining.

First author Year Ref. Topic

Y. Altintas 1995 2] The authors considered the influence of plate dynamics on the geometric accuracy of
machined thin ribs.

J. Tlusty 1996 [3] Techniques for machining thin ribs using relieved shank tooling in a series of axial
passes, finishing the rib on every pass, was described.

S. Smith 1998 [4] Tool path strategies for the machining of thin webs which rely on the support of the
unmachined workpiece were investigated.

H. Ning 2003 [5] Finite element thin rib part models were used to assess dimensional accuracy during
milling.

S. Ratchev 2004 [6] Force-induced geometric errors were predicted in thin rib machining using finite
element analysis and a voxel-transformation model.

S. Ratchev 2004 [7] An adaptive theoretical force-finite element analysis deflection model was used to
predict thin rib surface errors during milling.

U. Bravo 2005 [8] A three-dimensional stability lobe diagram was presented that considered both the
part and tool frequency response functions, as well as the intermediate stages of the
rib machining.

S. Ratchev 2005 [9] Finite element models were used to predict and compensate force-induced geometric
errors in machining of thin rib structures.

V. Thevenot 2006 [10] A three-dimensional stability lobe diagram was presented that incorporated the
spatial variation in the thin rib dynamics. Modal testing and finite element analysis
were used to identify the thin rib frequency response functions.

I. Maiié 2008 [11] A spindle-tool finite element model that considered the gyroscopic moment of the
spindle rotor and the speed-dependent bearing stiffness was coupled to a finite
element model of the thin rib part to predict milling stability.

J.K. Rai 2008 [12] A finite element-based milling process plan verification model was presented. The
effects of fixturing, operation sequence, tool path, and operating parameters were
considered to predict the thin rib part deflections.

S. Seguy 2008 [13] The authors examined the relationship between chatter instability and surface
roughness for thin rib milling. Finite element models were used to describe the rib
dynamics.

0.B. Adetoro 2009 [14] Finite element and experimental frequency response functions were used to obtain
stable operating parameters for thin rib machining.

W. Chen 2009 [15] The authors considered the effect of machining deformation that occurs in the current
layer on the nominal cutting depth in the next layer during thin rib milling.

L. Gang 2009 [16] Three-dimensional finite element models of a helical tool and a thin titanium alloy
(6Al-4V) cantilever were used to predict the cutting deformation during milling.

L. Arnaud 2011 [17] Finite element analysis was used to model the part and time domain simulation was
used to predict the thin rib machining stability.

R. [zamshaw 2011 [18] A combination of finite element and statistical analyses were used to predict part
deflection during thin rib machining.

S. Smith 2012 [19] Sacrificial structure preforms that support the part during machining, but are not a
part of the finished component, were designed and tested.

A. Polishetty 2014 [20] The trochoidal milling strategy was used for thin rib machining of titanium alloy

6Al-4V.

give the natural frequency. Receptance coupling substructure
analysis (RCSA) is also implemented to rigidly attach the two
sections of the rib: a thicker base and thinner free end. This rep-
resents the beam geometry as material is removed and a section
of the profile changes. The RCSA calculations predict the assem-
bly receptance (or displacement-to-force frequency response
function); the fundamental natural frequency and correspond-
ing modal stiffness are extracted from the predicted receptance.
In both cases, comparisons to finite element analysis calculations
are presented.

e Second, the experimental setup and approach are described.

e Third, a comparison between experiments and RCSA predictions
is provided.

e Fourth, conclusions are presented.

2. Analytical models
2.1. Raleigh method

The maximum kinetic energy for the free vibration of a contin-
uous (distributed mass) beam can be expressed as:

(1)

where mey is the effective mass for the fundamental mode of vibra-
tion and ymqx is the maximum beam velocity in the lateral direction

1 .
Timax = imeffJ’max 2,

(perpendicular to the beam axis) [21]. For harmonic motion, the
displacement can be expressed as y (t) = Ye'®t, where w is the circu-
lar frequency (rad/s) and, therefore, the velocity is y(t) = iwYel®t =
iwy(t) [22]. Substituting for velocity in Eq. (1) yields:

Tinax = %meffwzymgx 2. (2)

The beam geometry for thin rib machining is depicted in Fig. 1.
The fixed-free beam profile is shown, where the thickness has been
decreased at its free end by a first machining pass. With each sub-
sequent pass, more material is removed and the profile is changed
(i.e., thelength of the thin section increases) until the final geometry
is obtained with the desired, uniform thickness.

Eq. (2) is updated using the expression for the deflection, y (x),
at the beam free end due to a force at the same location:

L L1+L;
1 (T Jo y@)dx + 2 [} 72 y(x0?d)
Tmax = 5 @ Ymax 2, (3)
2 Ymax 2

where m; and m, are the masses of the two sections from Fig. 1
and L; and L, are the lengths. The integral is split due to the step
change in thickness. Equating Eqs. 2 and 3 gives the effective mass.

m Ly my Li+Ly
Mgy = L—j /O y(x)*dx + o /L y(x)*dx (4)
1
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Fig. 1. Beam profile for Rayleigh method modeling. The left end is fixed and the right end is free. The thickness, t, and length, L, are identified for the two sections. The product
of the elastic modulus, E, and second moment of area, I, is also listed for the two sections.
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Fig. 2. Beam sections for deflection, y (x), calculation.

The beam deflection is determined by Euler-Bernoulli beam the-
ory.The two beam sections are identified in Fig. 2, where an external
force is applied at the beam'’s free end and the beam is sectioned at
the step change in thickness to reveal the internal reaction forces
and moments.

The position-dependent deflection of the left section is due to
both the force and moment; they are combined by superposition in
Eq. (5), where E is the elastic modulus, the second moment of area

isl; = W12 ,and w is the beam width.

Fx3 FL1X2 FL2X2
= GEl,  2E,  2EI

(5)

The deflection of the reduced-thickness section, y(X), is due to

the force only, where a change in variable is applied, X = x — L;. For

this section, the second moment of areais I, = %53

F. ¢ FL ¢

oy X . 2X

Y& = 55 ~ 28,
Itisrequired that the slope and deflection match at the boundary

between the two sections. The slope is described by:

(6)

O =4x =26 ~ B, ~ E, " 7)
Evaluating Eq. (7) at x = L; yields:
_ FLi2 FLL,
G(Ll)——TEI1 - H, (8)

The resulting beam deflection profile is a piecewise continuous
function.

Fx3  FLix?  FLyx?
GEl, ~ 2EL  2EL O<x=h
y(x)= oL Fako Ly 9)
X—1L 2(X — L1
Y+ =gt - g+ (- L) L <x=hi+lp

The stiffness at any point along the beam length is determined
using Castigliano’s theorem [23]. The bending and shearing strain
energy, U,due to aforce at the free end is provided in Eq. (10), where

G is the shear modulus, A is the cross sectional area (in the direction
of the beam width), and k = 1.2 for a rectangular cross section. The
integrals are again split due to the change in the beam thickness.
The shear force, V, and moment, M, are identified in Fig. 3.

Ly+Ly 1+Ll2
/ Mzdx+/ M?dx / kV2dx / kv2dx
2EI 2EL, 2GA; 2GA;
1 2 1 L1 2 (10)
F? L 33 F? 1,33

= o (T thi2l+ Ll 2)+ 5 (B) + )+ (1)

2EL, ZGA 2GA
The deflection at the free end, where the force is applied, is:

U F (L R R F (L} kF kF
yl—ﬁ—ﬁ(3 UL+ Ll )+ g (5 )+ e W)+ g () (11)

where A; = wt; and A, = wt,. The corresponding stiffness is:

F

k1 = " . (12)

Similarly, the stiffness can be determined at the location of the
change in thickness; see Fig. 4. The bending and shearing strain
energy for the new force location is described in Eq. (13). The cor-
responding deflection at the force location, y,, and stiffness at the
force, ky, are provided in Eqs. (14) and (15). Practically speaking, kq
and k; represent the stiffness at the top of the cut and bottom of
the cut, respectively, during the peripheral milling operation.

L1 pr2 L 112 2 2
M-=dx kvdx F+ L33 kF
T / ach, “2E )t aca M) (13)
0 1 Jo 1 1 1
ou F (133 kF
V2= or =g, < + Ca; (L1) (14)
k2 = i (15)

y2
Given the effective mass and stiffness at the free end, the
fundamental natural frequency (in Hz) for the stepped thickness
fixed-free beam is calculated using Eq. (16), where the stiffness is
expressed in N/m and the effective mass in kg.

1 k 1

fn = E Mo

(16)
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Fig. 3. Moment and shear force for stiffness calculation k.
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Fig. 4. Moment and shear force for stiffness calculation k.

Table 2
Comparison of FE and Raleigh method natural frequency predictions.

Ly(mm) L(mm) t;(mm) t;(mm) fuFE (Hz) fnAnalytical (Hz) % difference
150 0 6 6 217.96 221.33 ~1.54
146 4 6 4 221.79 225.45 -1.65
142 8 6 4 225.51 229.49 -1.76
132 18 6 4 234.28 239.16 -2.08
122 28 6 4 242.03 248.06 —2.49
100 50 6 4 253.20 261.72 -336
75 75 6 4 248.22 256.73 -3.43
50 100 6 4 219.84 226.48 —-3.02
25 125 6 4 180.46 185.61 -2.86
10 140 6 4 157.53 161.99 -2.83
0 150 4 4 14539 147.55 —1.49
To provide a numerical validation of the approach, finite ele- 280 T ‘

ment (FE) calculations were performed in ANSYS to predict the

fixed-free beam receptance at the force location. In this analysis, 2601 /o’\ |

a unit sinusoidal force was applied at the desired location and 240 - o ° |

the forcing frequency was swept over the desired bandwidth. The ©

corresponding displacement at the force location was measured. T 220 ;Oo o 1

Multiple beam geometries were tested where the beam thickness <

was reduced over a varying length, L,, to replicate the machining «=200 | 1

process. In each case, mesh refinement was used to verify conver-

gence and the natural frequency and modal stiffness were extracted 180 ° |

by peak picking (a modal fitting procedure [1]) from the predicted 160 - N

direct receptance (i.e., the force and displacement measurement

locations were collocated). Natural frequency results are presented 140 : :

in Table 2 and Fig. 5, where the steel beam’s elastic modulus was 0 50 100 150

200 GPa, its width was 20 mm, Poisson’s ratio was 0.3, and the den- L, (mm)

sity was 7800 kg/m3. In both Table 2 and Fig. 5, it is observed that
the beam’s natural frequency first increases and then decreases as
material is removed.

The k; stiffness results are presented in Table 3 and Fig. 6. The k;
stiffness results are provided in Table 4 and Fig. 7, where a semilog
scale is used due to the dramatic increase in stiffness near the beam
base. For comparison purposes, the modal mass extracted from the
FE results and m,g predicted by the Rayleigh method are plotted
together in Fig. 8.

Fig. 5. Graphical comparison of FE (circles) and Raleigh method (line) natural fre-
quency predictions.

2.2. Receptance coupling substructure analysis

RCSA is a frequency domain, analytical procedure used to
couple component receptances in order to predict the assem-
bly receptances [22,24]. In this work, the free-free receptances
for the machined section of the beam were rigidly coupled to
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Table 3
Comparison of FE and Raleigh method k; stiffness predictions.

L;(mm) L,(mm) t1(mm) t(mm) ky FE (N/m) kyAnalytical (N/m) % difference
150 0 6 6 6.5915 x 10* 6.3920 x 10* 3.03
146 4 6 4 6.6054 x 10* 6.3916 x 10* 3.24
142 8 6 4 6.6176 x 10* 6.3895 x 10* 3.45
132 18 6 4 6.6329 x 10* 6.3655 x 10* 4.03
122 28 6 4 6.6057 x 104 6.2942 x 104 4.72
100 50 6 4 6.2371 x 10* 5.8747 x 10* 5.81
75 75 6 4 5.1665 x 10* 4.9290 x 104 4.60
50 100 6 4 3.8433 x 104 3.7529 x 104 235
25 125 6 4 2.7277 x 104 2.6934 x 10* 1.26
10 140 6 4 2.2057 x 10* 2.1822 x 10* 1.06
0 150 4 4 1.9537 x 10* 1.8952 x 10* 2.99
Table 4
Comparison of FE and Raleigh method k; stiffness predictions.
L;(mm) Ly(mm) t;(mm) t;(mm) ks FE (N/m) kyAnalytical (N/m) % difference
150 0 6 6 - - -
146 4 6 4 7.1162 x 10* 6.9314 x 10* 2.60
142 8 6 4 7.7001 x 10* 7.5333 x 10* 2.17
132 18 6 4 9.4891 x 10* 9.3763 x 10* 1.19
122 28 6 4 1.1945 x 10° 1.1873 x 10° 0.60
100 50 6 4 2.2295 x 10° 2.1540 x 10° 3.39
75 75 6 4 6.4489 x 10° 5.0946 x 10° 21.0
50 100 6 4 3.6000 x 10° 1.7088 x 106 52.5
25 125 6 4 7.1920 x 107 1.3230 x 107 81.6
10 140 6 4 3.2515 x 10° 1.6864 x 10° 94.8
0 150 4 4 - - -
4 0.04
x10
7 T .
00 O o
0.035
o> 0.03
— =<
£ %
£ € 0.025
Pa
0.02
0.015 - '
1 ) ) 0 50 100 150
0 50 100 150 L, (mm)

L2 (mm)

Fig. 6. Graphical comparison of FE (circles) and Raleigh method (line) k; stiffness
predictions.
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5\:
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Fig. 7. Graphical comparison of FE (circles) and Raleigh method (line) k; stiffness
predictions (semilog scale).

Fig. 8. Graphical comparison of FE (circles) modal mass and Raleigh method (line)
meyy predictions.

the remaining (unmachined) fixed-free section; see Fig. 9. Using
rigid compatibility and equilibrium conditions, the assembly direct
receptances,Hy1 = }'—11 andH,; = Y—; atassembly coordinates Y7 and
Y, are written as a function of the component receptances at coor-
dinates 1, 2a, and 2b; see [22] for the derivation. The required direct
and cross receptances for the free-free (coordinates 1 and 2a) and
fixed-free (coordinate 2b) components are:

® hyy = }f,T] hi2q = }’71[1 haa1 = yf%“ hagaq = % and hppp = %’
where y; is the component displacement and f; is the (internal)
component force

o it = gk loa = gl bar = 322, baza = 72, and by = %,where
m; is the (internal) component moment

0 0 6 0 )
® M =g Moo= gl Mg = F% Moaa =72, and nypp = 722,

where 6; is the component rotation

0 0 0 0 Op
® P11 = 750 P12a = g P2l = v Moaza = 725, and papop = 7.
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The assemblyreceptances are provided inEqs.(17)and (18)[22].

Hyr L hi1 I hi2¢  li2q haa2a  DLa2a
Ni1 Pn ni1 pu M12¢ D12a M2020  D2a2a
Hyy L hz2a2a  ba2a haa2a  La2a haa2a  La2a
Naz Py 2020  D2a2a 2020 D2a2a 2020 D2a2a

The component receptances can be obtained from measure-
ments or models. Two modeling options are the Euler-Bernoulli
and Timoshenko beams. In this work, the one-dimensional Tim-
oshenko beam model was implemented to find the free-free
receptances. This requires a numerical solution of the partial dif-
ferential equation displayed in Eq. (19) [25,26], where k is a shape
factor that depends on the beam’s cross section [27]. To determine
the required fixed-free receptances for the L; section component,
the free-free receptances for this component (obtained from Eq.
(19)) were rigidly coupled to a rigid boundary (i.e., zero recep-
tances). Eq. (17) was also applied for this sub-step, where the 2b
coordinate was assigned to the rigid boundary and the 1 and 2a
coordinates to the L; section component.

82y El 84y) ( ol 34y EI 34y I 34y
a2 pAoxt’ \fac ot | fac ox2o2’ A dx2or

To provide a numerical validation of the analytical coupling
approach, comparisons between the RCSA predictions and ANSYS
finite element calculations were completed. Multiple beam geome-
tries were tested where the beam thickness was reduced over a
varying length, L,. In each case, the natural frequency and modal
stiffness were extracted by peak picking from the direct recep-
tances. Natural frequency results are presented in Table 5 and
Fig. 10, where the steel beam’s elastic modulus was 200 GPa, its
width was 20 mm, Poisson’s ratio was 0.3, and the density was
7800 kg/m3.

The k; stiffness results are presented in Table 6 and Fig. 11. The
k, stiffness results are provided in Table 7 and Fig. 12.

)=0 (19)

2.3. Experimental setup

Receptance measurements were completed using a modal ham-
mer (PCB 086C04) to excite the beam and a laser vibrometer
(Polytec OFV 5000 controller/OFV 534 laser head) to measure the
velocity; see Fig. 13. The direct receptance measurements were
performed at the aluminum beam'’s free end and at the change in

habap  Lap2p ha2a1  bat

(17)

NMop2p  P2b2b N2q1  P2a1

-1
hapap bbb ha2a2a  ba2a
(18)

Nop2b  P2b2b N2a2a  P2a2a

260

240 |

2204

200 1

f (Hz)

180

160

140 ' '
0 50 100 150

L, (mm)
Fig. 10. Graphical comparison of FE (circles) and RCSA (line) natural frequency
predictions.

x10%

k, (N/m)

0 50 100 150
L2 (mm)

Fig. 11. Graphical comparison of FE (circles) and RCSA (line) k; stiffness predictions.

X
y 2b  2a 1
& I EL [ m Jie
< # LZ
Ly
2 1
i I El, ILI e
< h L :
L, 2

Fig.9. Beam model for RCSA. (Top) The two components and associated coordinates (1 and 2a for the free-free component and 2b for the fixed-free component) are identified.

(Bottom) The assembly and associated coordinates (1 and 2) are shown.
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Table 5
Comparison of FE and RCSA natural frequency predictions.

L;(mm) L,(mm) t1(mm) t;(mm) fnFE (Hz) fnAnalytical (Hz) % difference
150 0 6 6 217.96 217.87 0.04
146 4 6 4 221.79 221.70 0.04
142 8 6 4 225.51 225.42 0.04
132 18 6 4 234.28 234.19 0.04
122 28 6 4 242.03 241.96 0.03
100 50 6 4 253.20 253.37 -0.07
75 75 6 4 248.22 249.26 —-0.42
50 100 6 4 219.84 221.82 -0.90
25 125 6 4 180.46 182.63 -1.20
10 140 6 4 157.53 159.54 -1.28
0 150 4 4 145.39 145.34 0.03
Table 6
Comparison of FE and RCSA k; stiffness predictions.
L;(mm) Ly(mm) t;(mm) t;(mm) ky FE (N/m) kyAnalytical (N/m) % difference
150 0 6 6 6.5915 x 104 6.5758 x 104 0.24
146 4 6 4 6.6054 x 10* 6.5894 x 104 0.24
142 8 6 4 6.6176 x 104 6.6016 x 10* 0.24
132 18 6 4 6.6329 x 104 6.6185 x 104 022
122 28 6 4 6.6057 x 10% 6.5969 x 104 0.13
100 50 6 4 6.2371 x 10* 6.2577 x 10% -0.33
75 75 6 4 5.1665 x 104 52243 x 104 -1.12
50 100 6 4 3.8433 x 104 3.9059 x 104 -1.63
25 125 6 4 2.7277 x 10* 2.7779 x 104 -1.84
10 140 6 4 2.2057 x 10* 2.2471 x 10* -1.88
0 150 4 4 1.9537 x 10 1.9513 x 10* 0.12
Table 7
Comparison of FE and Raleigh method k; stiffness predictions.
L;(mm) L,(mm) t;(mm) t;(mm) k, FE (N/m) k,Analytical (N/m) % difference
150 0 6 6 - - -
146 4 6 4 7.1162 x 104 7.0989 x 104 0.24
142 8 6 4 7.7001 x 10* 7.6811 x 104 0.25
132 18 6 4 9.4891 x 10* 9.4646 x 104 0.26
122 28 6 4 1.1945 x 10° 1.1912x 10° 0.28
100 50 6 4 2.2295 x 105 2.2184 x 10° 0.50
75 75 6 4 6.4489 x 10° 6.3670 x 10° 1.27
50 100 6 4 3.6000 x 108 3.5204 x 106 221
25 125 6 4 7.1920 x 107 6.9920 x 107 2.78
10 140 6 4 3.2515 % 10° 3.1501 x 10° 3.12
0 150 4 4 - - -
10mm axial steps with a final radial depth of 1mm. The beam
width was 44.96 mm. Measurements were performed after each
machining pass.
3. Results
Because the RCSA predictions matched the finite element results
more closely, a comparison between experiments and RCSA recep-
tances was completed for the fundamental bending mode of the
aluminum beam displayed in Fig. 13. For the RCSA beams mod-
els, the elastic modulus was 69 GPa, Poisson’s ratio was 0.33, and
the density was 2700 kg/m?3. The natural frequency results are dis-
104 ‘ : played in Table 8 and Fig. 14. The k; stiffness results are presented
0 50 100 150

L2 (mm)

Fig. 12. Graphical comparison of FE (circles) and RCSA (line) k, stiffness predictions
(semilog scale).

thickness. The length of the reduced thickness section was changed
by machining, where a 12.7 mm diameter three-flute solid car-
bide endmill (approximately 100 mm stickout length) was used
(0.1 mm/tooth, 3900 rpm). The beam thickness was removed in

in Table 9 and Fig. 15. The k; stiffness results are shown in Table 10
and Fig. 16. In all cases, the parameters were extracted by modal
fitting.

3.1. Discussion and application

The results presented in Table 4 deserve further discussion.
Table 4 describes the stiffness, ky, at the location of the step change
in the beam thickness. When L, is large, there is a short thicker
beam supporting a long thinner beam. This stiffness depends on
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Table 8
Comparison of experiments and RCSA predictions for natural frequency.

Ly(mm) L,(mm) t1(mm) t(mm) fnExperiment (Hz) faRCSA (Hz) % difference
80 0 6 6 749 762.4 -1.78
70 10 6 5 776 790.39 -1.85
60 20 6 5 793 810.25 -2.18
50 30 6 5 804 820.04 -2.00
40 40 6 5 800 816.27 —2.03
30 50 6 5 781 795.15 —-1.81
20 60 6 5 743 755.49 —-1.68
10 70 6 5 691 700.45 -1.37
0 80 5 5 630 636.14 -0.97
Table 9
Comparison of experiments and RCSA predictions for stiffness k.

Li(mm) Ly(mm) t;(mm) t,(mm) kqiExperiment (N/m) k1RCSA (N/m) % difference
80 0 6 6 3.68 x 10° 3.34x10° 9.27
70 10 6 5 3.35x 10° 3.35x 10° 0.04
60 20 6 5 3.51x10° 333 x10° 5.12
50 30 6 5 3.30x 10° 3.25x10° 1.38
40 40 6 5 333 x10° 3.10x 10° 6.99
30 50 6 5 2.89 x 10° 2.86 x 10° 1.03
20 60 6 5 2.97 x 10° 2.57 x 10° 13.6
10 70 6 5 2.30 x 10° 2.25 x 10° 2.14
0 80 5 5 1.93 x 10° 1.94 x 10° -0.40

;‘r
=

Section with
reduced thickness

Fig. 13. Experimental setup. (Left) The fixed-free aluminum beam was mounted in a vise which was clamped to the machine table. The laser vibrometer was used to
measure the beam response due to a force impact (applied by a modal hammer). (Right) The beam thickness was reduced over a section with a known length and receptance

measurements were performed at the top and bottom of the section.

Table 10
Comparison of experiments and RCSA predictions for stiffness k;.

Ly(mm) L,(mm) t;(mm) t,(mm) koExperiment (N/m) kaRCSA (N/m) % difference
80 0 6 6 - - -

70 10 6 5 6.07 x 10° 4.87 x 10° 19.8

60 20 6 5 9.02 x 10° 7.69 x 10° 14.7

50 30 6 5 1.72 x 108 1.38 x 10° 20.0

40 40 6 5 3.92 x 106 2.97 x 106 24.2

30 50 6 5 1.46 x 107 8.68 x 106 40.6

20 60 6 5 6.21 x 107 4.26 x 107 31.5

10 70 6 5 2.24 x 108 6.80 x 108 —203.5

0 80 5 5 - - -

the thicker base portion and, in fact, approaches infinity for a fixed
boundary condition (when L; is close to the overall beam length).
The discrepancy highlights the limitations of analytical models for
short, thick beams. The results in Table 4 are based on the Rayleigh
method. However, the beam deflection profile used in the analysis
is derived from Euler-Bernoulli beam theory. The Euler-Bernoulli
beam model neglects rotary inertia, which limits its accuracy for
anything but long thin beams and is, therefore, not particularly

well-suited to the k; modeling. The Euler-Bernoulli beam model
is also responsible for the over-prediction of the natural frequency
displayed in Fig. 5. The reader may note that the RCSA predictions
coupled beam receptances derived from the Timoshenko beam
model (Eq. (19)). This improves the agreement with the finite ele-
ment solution.

From the experimental section, there again appears to be a bias
in natural frequency (Fig. 14). In this case the experiments consis-
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Fig. 14. Graphical comparison of experiments (squares) and RCSA (line) natural
frequency predictions.

4 %105 . ' .

351 1
£ 3 T |
<
xX 25} 1

2 L e

1.5 * . t

0 20 40 60 80
L2 (mm)

Fig. 15. Graphical comparison of experiments (squares) and RCSA (line) k; stiffness
predictions.
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Fig. 16. Graphical comparison of experiments (squares) and RCSA (line) k; stiffness
predictions (semilog scale).

tently yield a lower natural frequency than the RCSA predictions.
This discrepancy could be due to a difference between the actual
and nominal material properties used in the analysis. Another pos-
sibility is that the model assumed fixed-free boundary conditions.
While it was attempted to realize this ideal with the part geometry
(i.e., a large base was clamped in a vise; see Fig. 13), it remains a
physical approximation.
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0351
E 03} 1
» o
o
o =]
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0 20 40 60 80
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2

Fig. 17. Experimental damping ratio values from measured direct receptances at
the beam’s free end, 1, and at the location of the step change in thickness, 2.

In addition to the natural frequency and stiffness values, the
dimensionless viscous damping ratios were also extracted from the
measured direct receptances. These values are critical because first
principle techniques for damping prediction are not available and
the damping must, therefore, be included by the modeler based on
experience or measurements. The results for the aluminum beam
are displayed in Fig. 17 for all nine geometries; damping ratios
were extracted from direct receptance measurements at both the
free end and thickness change location. The average damping ratio
is 0.28% with a standard deviation of 0.04%. The low damping for
monolithic structures exacerbates the challenges associated with
machining thin, near net shape ribs to produce the final thinner
geometries.

In practice, the value of the results presented here are real-
ized when incorporated into a pre-process operating parameter
selection algorithm. Based on the machining path and subsequent
material removal, the change in beam geometry and, therefore,
dynamics can be predicted and the operating parameters can be
appropriately selected. For example, using the predicted mass and
stiffness together with an informed guess for the associated damp-
ing, the corresponding stability limit can be predicted for each
machining pass [1]. As the stability limit changes with the beam
dynamics, two options are available: 1) the operating parameters
can be modified between passes to achieve maximum material
removal rates; or 2) the minimum stability limit from all passes
can be used to select one set of operating parameters that ensure
stable performance throughout the material removal process.

4. Conclusions

Two analytical approaches were presented for predicting thin
rib, fixed-free beam dynamics with varying geometries. The first
was based on the Rayleigh method and the second on receptance
coupling substructure analysis (RCSA). Comparison with finite ele-
ment calculations showed that the RCSA approach provided better
agreement when using the Timoshenko beam model to predict the
component receptances.

Experiments were conducted to compare measured fixed-free
beam receptances to RCSA predictions. An aluminum beam was
machined between receptance measurements to change the thick-
ness. The measured and predicted natural frequencies agreed with
an average percent difference of —1.74% for the nine beam profiles.
The measured and predicted stiffness values for the fundamen-
tal bending mode at the beam’s free end agreed with an average
percent difference of 4.35% for the nine beam profiles.
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