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Abstract 
lnterferometric radius measurements may be completed using a radius bench, where radius is defined 
as the displacement between the confocal and cat's eye nulls (identified using a figure measuring 
interferometer). Measurements of a Zerodur sphere have been completed on the X-ray Optics Calibration 
interferometer (XCALIBIR) and a coordinate measuring machine. Larger recorded disagreements than 
indicated by the current uncertainty analysis call for an exploration of the analysis model. This paper 
details uncertainties associated with the use of multiple displacement measuring interferometers (DMls) 
to record motion in a single axis by treating the specific case of displacement measurement on 
XCALIBIR using three DMls equally spaced around the optical axis. 
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1 INTRODUCTION 
Radius of curvature of spherical optical elements is one 
of the attributes that determines imaging performance 
and is therefore a key variable in optical system design. 
If radii deviate from design values, respacing of the 
elements can provide some compensation, but such 
'assembly to wavefront measurement' is costly. Many 
radius measurement methods are available [I-21, but the 
radius bench generally gives the lowest uncertainties. 
However, disagreement between radius bench 
measurements carried out at different optical shops 
suggests the need for a better understanding of the 
measurement model. For example, in a recent round 
robin of US optics companies [3], the measurement 
divergence reported for a 100 mm radius test plate was 
21 pm or 1 part in 5000, significantly larger than the 
stated uncertainties (micrometre level). 

2 INTERFEROMETRIC RADIUS MEASUREMENT 
A radius bench measurement consists of identifying two 
null positions, confocal and cat's eye, using a figure 
measuring interferometer (usually a phase measuring 
interferometer, or PMI) and recording the displacement 
between the two positions typically using a displacement 
measuring interferometer, or DMI, aligned with the PMI 
axis to minimize Abbe error [4]. The confocal null occurs 
when the curvature of the interferometer spherical 
wavefront matches the curvature of the test optic 
surface. Cat's eye is located when the wavefront focus 
coincides with the part surface, ideally at its center. 
These null positions give no curvature in the reflected 
wavefront, i.e., there are no "bulls eye" fringes and, if the 
wavefront is fit to appropriate orthogonal polynomials 
(e.g., Zernikes for circular apertures), the coefficient of 
the quadratic term in radius is zero. 
Twyman-Green and Fizeau interferometers may be 
used, although Fizeau configurations are more common 
in commercial systems. Radius measurement of a 
concave spherical surface using a Fizeau is shown in 
Figure 1 along with the measurand definition used here: 
the displacement between two positions at which the 

coefficient for the Zernike power ( f )  term, a:, is zero. 
These positions are found from the least squares fit to 
power from multiple phase maps recorded with the part 
on each side of the confocal and cat's eye nulls. 
In this work, radius measurement uncertainty was 
investigated for measurements on the NIST X-ray Optics 

Calibration Interferometer (XCALIBIR) of a 25 mm radius 
polished Zerodur sphere. XCALIBIR is a 300 mm 
aperture, multipurpose, open architecture PMI that can 
be configured in either Twyman-Green or Fizeau. The 
PMI operating wavelength is nominally 633 nm using 
either a Helium-Neon (He-Ne) laser or diode source. 
Although not specifically designed for it, XCALIBIR can 
measure radius by recording the displacement between 
confocal and cat's eye using three, single pass DMls. 
The DMI He-Ne source and three polarization beam 
splitterheference retroreflector combinations are fixed to 
the granite base (4.8 m x 1.5 m x 0.6 m), which also 
supports the PMI optics. The moving retroreflectors are 
attached to the 5-DOF mount that carries the test optic. 
The three DMls are equally spaced about the PMI optical 
axis and the recorded displacement is taken to be the 
average. The uncertainty in the average displacement, 
and the identification and treatment of correlated versus 
uncorrelated uncertainty terms, is the focus of this paper. 
A photograph of the XCALIBIR test setup is shown in 
Figure 2. Note that the arrangement of the three DMls 
yields pitch and yaw, as well as displacement. 

Figure 1: Radius measurement (Fizeau configuration). 

XCALIBIR measurements of the Zerodur sphere using 
Twyman-Green and Fizeau setups at fhumbers ranging 
from fA.1 to f/4 have differed by up to 558 nm, although 
good repeatability (12 nm standard deviation for 12 
measurements completed over a one month period) has 
been demonstrated for a Fizeau f/1 .I transmission 
sphere setup. An initial uncertainty analysis, using terms 
available in the literature, predicted a combined standard 
uncertainty, uc, of 26 nm [4-51. Therefore, an expanded 
uncertainty analysis, which will attempt to better model 
the measurement, is under development. This analysis 



includes the six DMI uncertainties treated in Section 3 
plus slide motion and optical (PMI) system uncertainties 
(e.g., artifact surface figure, null identification, etc.) [6]. 

Figure 2: XCALIBIR setup (Fizeau configuration) 

Example XCALIBIR measurements of the 24.466 mm 
radius Zerodur sphere using f / l  .I, W3.2, and f/4 spherical 
wavefronts with the (one sigma) error bars calculated 
from the expanded uncertainty analysis [6], as well as 
the result of a mechanical intercomparison using a 
Moore-48 CMM (u, = 50 nm) [7], are shown in Figure 3 
(normalized to CMM result). Clearly, all the uncertainty 
sources have not yet been sufficiently characterized (or 
not identified) since the error bars do not overlap. The 
large jumps in the f/4 Twyman-Green measurements 
occurred after internal realignment of the PMI. Current 
plans include an evaluation of measurement sensitivity 
to the PMI setup (e.g., beam expander alignment). 
However, as previously noted, the purpose of this text is 
to describe the displacement uncertainty associated with 
the average value recorded by the three DMls. Although 
the magnitude of the individual terms will be specific to 
XCALIBIR, the analysis can be generalized to treat any 
situation where multiple DMls are used to measure 
displacement in a single axis. 

Measurement num ber 

Figure 3: Zerodur sphere measurement results. 

3 DMI UNCERTAINTY EVALUATION 
Six DMI uncertainty terms (Abbe, cosine, deadpath, 
environment, turbulence, and laser system) will be 
described in the following paragraphs. The terms were 
evaluated using the guidelines found in references [8-91. 

3.1 Abbe 
The potential for Abbe error exists whenever the 
measurement axis is not collinear with the quantity being 
measured. In this case, it occurs if the linear 
displacement transducer on the radius bench is not 
collinear with the PMI axis. The relationship between the 
true and observed displacements, d and d,,,, 
respectively, is shown in Equation 1, where q is the part 
rotation relative to the normal to the PMI axis during the 
measurement and A is the offset between the PMI and 
displacement measurement axes. 

d = d ,  - A . t a n q  (1) 

The associated uncertainty, u7, is determined by 
calculating the 1st-order Taylor series expansion of 
Equation 1. This result (Equation 2) contains terms 
which depend on the uncertainties in the best estimate 
of the observed displacement, d,, A, and q, 
respectively. The first term is treated by the combination 
of the six DMI uncertainties, so does not need to be 
considered separately here. The final term drops out 
because the expected (or mean) value of A is zero when 
the three XCALIBIR DMI values are averaged. 

- 

(2) 
u,’ =u’(J,)+ tan’q .u’(A)+-u’(q) A2 

C O S ~ ~  

To quantify the second term in Equation 2, it is 
necessary to measure the part‘s angular change 
between confocal and cat‘s eye and determine the Abbe 
offset uncertainty. Pitch, @, and yaw, q,, were calculated 
by differencing the upper/lower and IeWright DMI values, 
respectively, for several measurements. Average values 
were -30 prad for pitch and -1 0 prad for yaw. 
The value for u(A) was determined by simulation. First, 
the nominal center locations of the three moving 
retroreflectors were defined. The center of the triangle 
formed by the nominal retroreflector positions coincides 
with the motion axis. In MATLAB [7], the retroreflector 
locations were varied using the uniformly distributed 
random function, rand(l\l), with an allowable range of +/- 
125 pm (from engineering drawings) in x and y. For each 
set of locations, the triangle center was determined from 
the intersection point of the two upper angle bisectors 
(calculated using the point-slope form of the lines). This 
procedure was repeated many times and the standard 
deviation in the x and y coordinates of the normalized 
center locations was 59 pm. Substitution in Equation 2 
gives an uncertainty of 2 nm. While small for XCALIBIR, 
this term can be significant in general. Consider a radius 
bench with a three-jaw chuck used to hold the optic and 
a standard linear slide. If the chuck introduces a 2 mm 
uncertainty in the optic center location and the slide 
angular uncertainty is 1 mrad, the uncertainty is 2 pm. 

3.2 Cosine 
Because alignment between the displacement 
transducer and motion axes cannot be perfectly 
obtained, cosine uncertainty is inherent to displacement 
measurement. For DMI measurements, the relationship 
between the observed and true displacement is given by 
Equation 3, where p (0 < p << 1) is the positive relative 
angular misalignment between the motion and DMI axes. 

d=-- d m  -d,secp 
cos p (3) 

While the most probable value of p is zero, its expected 
value, E ,  is a small value of the same order as the 
uncertainty, u(p), to which the DMI beam can be 



adjusted parallel to the motion axis. Thus, a reasonable 
description of what is known about /3 is thatp= u(/3), 
which is a small angle on the order of a few arc-sec for a 
well-aligned system. The uncertainty, up, is calculated 
using Equation 3. Equation 4 gives the full expression, 
while Equation 5 shows the result of evaluating Equation 
4 at the estimate p =  u(p) << 1 

Because cosine uncertainty gives a single-sided 
distribution (i.e., the observed displacement is always 
less than the true displacement in this case), a bias 
correction must also be applied. This correction is shown 
in Equation 6, where d, is the reported value. 

d ,  = 7, (1 + u 2  @)) 

For XCALIBIR, the cosine uncertainty evaluation must 
include the effect of averaging three DMls. In this case, 
up is expressed as shown in Equation 7, where equal 
alignment uncertainties for each DMI have been 
assumed. If the first term is again neglected, the 
resulting uncertainty is 0.1 nm for a radius of 24.466 mm 
and angular uncertainty of 0.1 mrad. The required bias 
correction may be calculated using Equation 6. 

3.3 Deadpath 
Deadpath error occurs when the DMI measurement and 
reference path lengths are unequal at initialization and 
there is an uncompensated change in refractive index, 
An, during the measurement. Fundamentally, this is 
analogous to changing the measurement starting point. 
The relationship between the observed and true 
displacements is given in Equation 8, where L is the 
difference between the initial DMI path lengths, or 
deadpath. The associated uncertainty, u3, is shown in 
Equation 9, where u(An) = u(n1- nz) and nl E np. 

d = d ,  - A n . L  (8) 

(9) 
u2 (im)+ 2 ~2u2(n)  + A ~ V ( L )  

If the refractive index is monitored during the 
measurement and L is known, a bias correction may be 
applied to the reported result [ lo] .  This correction is 
shown in Equation 10. In our case, the temperature, 
pressure, and relative humidity of the XCALlBlR 
laboratory were measured to infer index according to 
Equation 11 [ I l l ,  where P is air pressure (Pa), T is 
absolute temperature (K), Cop is carbon dioxide content 
(ppm), and H i s  relative humidity (% RH). 

u32 = u2(im)+ L V ( A ~ ) + A A ~ ( L ) =  

d, = d ,  - A n . L  (1 0) 

P 293.15 
n = 1 + 2 7 1 . 8 ~ 1 0 - ~  -- 

101325 T 

(1 + 054( c;;Tds"o]] - 1 x10-8H 

Averaging the three DMls leads to the uncertainty 
expression given in Equation 12, where the following 
assumptions have been made: 1) deadpaths and 
deadpath uncertainties are numerically equal, but 
uncorrelated; 2) index changes and index uncertainties 

are equal; and 3) uncertainties in displacement best 
estimates are equal. 
u3' = - u 2 ( i m ) + 3 ~  1 2 2 2  u (n)+-An 1 2 2  u (L) 

3 3 

Quantifying this expression requires values for the 
deadpath, index uncertainty, index change, and 
deadpath uncertainty. The index uncertainty is obtained 
from the 1st-order Taylor series expansion of Equation 
11 as shown in Equation 13, where the contribution by 
the uncertainty in air composition has been assumed 
negligible and the partial derivatives have been 
evaluated at standard temperature and pressure 
conditions (20 "C, 101323.2 Pa, and 50% RH). 

(13) 
u2(n )=  (2.6824~10-~u(P))2 + 
(- 9.27 1 9 x 1 0-7 u(T))2 + (- 1 x 1 0-8 u(H))2 

For the XCALlBlR laboratory environment, the 
transducer uncertainty ranges are: S O  Pa for the 
barometer (uniform probability distribution), f0.02"C for 
the thermistors (normally distributed), and f 2 %  for the 
hygrometer (uniform distribution). Substitution of these 
values into Equation 13 yields the index uncertainty 
(Equation 14). 

l l A \  

The expected index change, An, was calculated by 
averaging the change in temperature, pressure, and 
relative humidity over five arbitrarily selected radius 
measurements (0.007 "C, 33.6 Pa, and 0.26% RH) and 
substituting the results in Equation 11 (355 ppm COp 
assumed). The result was 1 part in lo7 .  If the deadpath 
uncertainty is assumed to have a range of f 3  mm 
(normally distributed), the resulting uncertainty is 96 nm 
for a maximum deadpath of 3.5 m (recall that XCALlBlR 
was not designed to be a radius bench). 

3.4 Environment 
Environment is similar to deadpath, except the length 
scale changes with index rather than the starting point. 
Its treatment is somewhat different, however. In the case 
of deadpath, it is reasonable to assume the three 
deadpath lengths are uncorrelated (even though they 
have been taken to be numerically equal). In the case of 
environment, there is only one value for index change so 
no new information is gained by averaging because the 
three measurements are correlated (through index). 
Care must still be exercised with environment 
uncertainty evaluation, however, because the difference 
between the true and observed displacement (an optical 
path difference) is the product of the change in index 
and actual physical displacement, D (nominally equal to 
the radius for the largest probable error during motion 
from confocal to cat's eye). The measurement model 
and corresponding uncertainty are given in Equations 15 
and 16. 

u4' = u2(im)+2D2u2(n)+An2u2(D) 

The final term in Equation 16 contains the uncertainty in 
D. This represents the 'counting' uncertainty in the DMI 
phase measuring electronics since initialization. The 
value of the DMI resolution (0.62 nm) has been selected 



for this uncertainty term. Neglecting the first term in 
Equation 16 and using the previous values for radius ( D  
= 24.466 mm), index uncertainty, and index change 
gives an uncertainty of 0.7 nm. 

3.5 Turbulence 
Optical path difference due to air turbulence in the 
environment has been investigated [ l o ,  121. Typical 
airflow velocities in temperature-controlled environments 
affect the refractive index of air through time-dependent 
thermal and pressure fluctuations. Specifically, 1) the 
low thermal diffusivity of air causes thermal 
inhomogeneities to be mixed before they can come to 
equilibrium, and 2) turbulent airflow can cause local 
pressure fluctuations. The correlation coefficient (due to 
turbulence) between two paths depends on their 
separation and the air velocity. XCALlBlR has an airflow 
velocity of -10 Wmin with a path separation of 204 mm, 
so it is reasonable to assume a worst case correlation 
coefficient of unity [12]. Therefore, averaging will not 
reduce the uncertainty. The range in values for a single 
DMI channel recorded over a short time scale is f 6  nm. 
If a normal distribution (with a 2 out of 3 chance that the 
recorded range bounds the data) is assumed, the 
resulting uncertainty is 3 nm. 

3.6 Laser System 
The components of the heterodyne laser system that 
affect the uncertainty are laser wavelength stability, 
polarization characteristics of the laser beam, 
interferometer errors from two sources (polarization 
mixing and thermal effects), and electronics linearity. 
The manufacturer-specified values for the system used 
in this research are f 1 0  nm/m, f0 .8 nm, f0 .8 nm, 22 
nW"C, and f0 .8 nm, respectively. Also considered here 
is the frequency mixing, and resulting periodic error, that 
results from imperfect alignment between the optical 
axes of the polarization-coded two-frequency light and 
the polarization beam splitter. A range of Q nm is 
assumed. The treatment of each uncertainty source for 
the XCALlBlR setup follows. 
Since there is a single He-Ne source, wavelength 
stability uncertainty and beam polarization 
characteristics between channels are correlated. 
Interferometer errors and electronics linearity can be 
considered uncorrelated because there are three 
separate interferometers and measurement boards. 
Periodic error is also uncorrelated because each of the 
interferometers is aligned independently. These six 
uncertainty sources are combined in Equation 17, where 
a uniform distribution for each uncertainty source (except 
temperature which is treated as normally distributed) has 
been assumed. Also, uncorrelated terms have been 
divided by three to account for the reduction in 
uncertainty due to averaging. If a temperature range of 
0.02 "C and nominal radius of 24.466 mm are inserted, 
the resulting uncertainty from Equation 17 is 0.9 nm. 

\ " I  

3.7 DMI Combined Standard Uncertainty 
The uncertainty contribution of the DMls to the overall 
measurement uncertainty of the Zerodur sphere on 
XCALlBlR is calculated by summing in quadrature the 
six terms quantified in the previous paragraphs. The 
result is 96 nm. Clearly the uncertainty is driven by the 
deadpath (the maximum deadpath of 3.5 m has again 
been assumed). In the XCALlBlR design, deadpath 

varies with setup (smaller uncertainty for Fizeau W1.1 
and larger uncertainty for Twyman-Green f/4, as seen in 
Figure 3). Mechanical changes could be made to 
eliminate or minimize the problem [6]. 

4 CONCLUSIONS 
A description of the uncertainty terms that occur when 
using mu It i p le d is p I ace me n t me as u ring interferometers 
(DMls) to record displacement along a single axis, as 
well as the logic used to discern between correlated and 
uncorrelated uncertainties, has been provided. The 
uncertainty terms have been quantified for radius of 
curvature measurements of a 24.466 mm radius 
polished Zerodur sphere performed on the NlST X-ray 
Optics Calibration Interferometer (XCALIBIR). In this 
setup, three DMls are equally spaced around the motion 
axis. The average value is reported as the observed 
displacement, while differencing individual values gives 
pitch and yaw information. The dominant uncertainty 
term was deadpath (range was 27 nm to 96 nm for data 
reported here). However, the potential for a larger 
uncertainty when using typical radius benches due to 
uncertainty in Abbe offset (even if the displacement 
transducer is nominally in line with the part axis) was 
described. Future measurements aimed at isolating 
radius error sources and providing full overlap of the 
calculated uncertainties were also covered. 
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