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INTRODUCTION 
It is common practice to produce monolithic metallic 
components with thin ribs from solid billets by 
machining. This enables complex parts with high 
strength-to-weight ratio to be produced without 
significant assembly time and cost. For high material 
cost situations, it is often preferred to apply near net 
shape strategies, where an initially thin feature 
(produced by forging or additive processes, for 
example) is machined to produce a thinner feature 
with the required dimensions and surface integrity. 
Application domains range from aerospace 
components to laptop cases. 

A significant challenge in near net shape 
applications is that the low dynamic stiffness of the 
thin rib features limits both machining stability (i.e., 
chatter can occur) and part accuracy (via the surface 
location errors that can arise from forced vibrations) 
[1]. If the dynamic response of the workpiece is 
modeled, however, machining parameters and tool 
paths can be selected to produce acceptable parts. 
This process is complicated when machining 
anisotropic materials. In this case, the dynamics are 
direction-dependent due to the variation in elastic 
modulus with crystal orientation. 

In this research, the single crystal superalloy 
CMSX-4 was selected for machining trials and 
dynamics prediction. This alloy was developed for 
gas turbine engine airfoil, seal, and combustor 
components to provide high temperature creep 
strength, fatigue resistance, oxidation resistance, and 
performance retention in thin-walled configurations. 
Its nominal composition is provided in Table 1 [2]. 
 
Table 1. CMSX-4 nominal composition. 

Element Wt.% Element Wt.% 

Cr 6.5 Al 5.6 

Co 9.6 Ti 1.0 

W 6.4 Ta 6.5 

Re 3.0 Hf 0.1 

Mo 0.6 Ni Balance 
 

An analytical approach is presented here to 
describe the natural frequency of fixed-free beams, 
as well as the change in natural frequency as material 
is removed by milling. Fixed-free beams with stepped 

profiles are used to represent the thin ribs geometries 
and subsequent material removal. Due to the CMSX-
4 anisotropy, results are presented for two material 
directions with corresponding differences in elastic 
modulus.  
 

 
Figure 1. Beam model for RCSA. (Top) The two 
components and associated coordinates (1 and 2𝑎 for 

the free-free component and 2𝑏 for the fixed-free 
component) are identified. (Bottom) The assembly 

and associated coordinates (1 and 2) are shown. 
  
ANALYTICAL MODEL 
Receptance coupling substructure analysis (RCSA) is 
a frequency domain, analytical procedure used to 
couple component receptances (or frequency 
response functions) in order to predict the assembly 
receptances [3-4]. In this work, the free-free 
receptances for the machined section of a beam were 
rigidly coupled to the remaining (unmachined) fixed-
free section; see Fig. 1. Using rigid compatibility and 
equilibrium conditions, the assembly direct 

receptances, 𝐻11 =
𝑌1

𝐹1
 and 𝐻22 =

𝑌2

𝐹2
, at assembly 

coordinates 𝑌1 and 𝑌2 are written as a function of the 

component receptances at coordinates 1, 2𝑎, and 2𝑏; 
see [3] for the derivation. The required direct and 
cross receptances for the free-free (coordinates 1 and 

2𝑎) and fixed-free (coordinate 2𝑏) components are: 
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, where 𝑦𝑖 is the component 



displacement and 𝑓𝑗 is the (internal) component 

force 
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, where 𝜃𝑖 is the component rotation 
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The assembly receptances are provided in Eqs. 1 and 
2 [3]. 
 

[
𝐻11 𝐿11

𝑁11 𝑃11
] = [

ℎ11 𝑙11

𝑛11 𝑝11
] −          

[
ℎ12𝑎 𝑙12𝑎

𝑛12𝑎 𝑝12𝑎
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[
𝐻22 𝐿22

𝑁22 𝑃22
] = [

ℎ2𝑎2𝑎 𝑙2𝑎2𝑎

𝑛2𝑎2𝑎 𝑝2𝑎2𝑎
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ℎ2𝑎2𝑎 𝑙2𝑎2𝑎

𝑛2𝑎2𝑎 𝑝2𝑎2𝑎
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]  (2) 

 
The component receptances can be obtained from 

measurements or models. In this work, the 
Timoshenko beam model was implemented to find 
the free-free receptances. This requires a numerical 
solution of the partial differential equation displayed 
in Eq. 3 [5-6], where 𝐸 is the elastic modulus, 𝐼 is the 
second moment of area, 𝜌 is the density, 𝐴 is the 

cross-sectional area, 𝐺 is the shear modulus, and 𝑘̂ 
is a shape factor that depends on the beam’s cross 
section [7]. 

To determine the required fixed-free (2𝑏2𝑏) 

receptances for the 𝐿1 section component, the free-
free receptances for this component (obtained from 
Eq. 3) were rigidly coupled to a rigid boundary (i.e., 
zero receptances). Equation 1 was also applied for 
this sub-step, where the 2𝑏 coordinate was assigned 

to the rigid boundary and the 1 and 2𝑎 coordinates to 
the 𝐿1 section component. The RCSA method 
reported here builds on prior finite element-based 
models used to predict the thin rib dynamics and, in 
many cases, the change in the rib dynamics as 
material is removed [8-26]. 
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EXPERIMENTAL RESULTS 
The test sample geometry shown in Fig. 2 was 

sectioned from cast CMSX-4 7615212 mm plates 
using wire EDM. The solidification <001> direction for 
the plates was nominally along the 152 mm 
dimension. This is the direction of lowest modulus. 
Two orientations within the cast plate were selected 
to interrogate the effect of modulus on the sample 
receptances. The orientations are displayed in Fig. 3. 
The 0 deg samples were collected from one plate and 
the 90 deg samples from a second plate. These 
samples were then finish machined as shown in Fig. 
1 to measure the change in fixed-free natural 
frequency as material was removed. The measured 
natural frequency variation was then compared to 
RCSA predictions. 
 

Figure 2. Sample geometry. 
 

Figure 3. Sample orientations within the cast CMSX-
4 plates. 
 

The sample densities and elastic moduli were 
measured to obtain the values required for the RCSA 
analyses. Archimedes’ water displacement method 



was used to determine the density. The following 
steps were completed. 
 
 A container of water was placed on a scale and 

the mass was recorded. 
 The sample was submerged in the water with a 

thin wire so that it was fully submerged, but not 
touching the bottom of the container. 

 The mass was again recorded. 
 Since the buoyant force is equal to the weight of 

the displaced water, the volume of the sampled 
was estimated using the measured force and 
water density. 

 The sample mass was measured. 
 The density was calculated using the sample 

mass and volume. 

 
Figure 4. Elastic modulus determination. The free-
free boundary condition impact testing setup and 
finite element model (inset) are shown. 
 

The elastic modulus was measured by free-free 
boundary condition impact testing. The samples were 
placed on a soft foam foundation and excited by 
dropping a steel sphere at the top free edge of the 
thin rib. The corresponding sound signal was 
measured and converted to the frequency domain to 
determine the fundamental natural frequency. A finite 
element model of the sample (with free-free boundary 
conditions) was then generated and the elastic 
modulus was varied until the fundamental natural 
frequency matched the measured value; the 
measured density values were used as input to the 
finite element model. See Fig. 4 for the setup. The 
density and modulus measurement were repeated for 
both sample directions from Fig. 3 (0 deg and 90 deg). 
The results are provided in Table 2. 
 
Table 2. Measured sample density and modulus. 

Orientation Density 
(kg/m3) 

Elastic modulus 
(GPa) 

0 deg 8797 188 

90 deg 8695 166 

Receptance measurements were completed using a 
modal hammer (PCB 086C04) to excite the beam and 
a laser vibrometer (Polytec OFV 5000 controller/OFV 
534 laser head) to measure the velocity; see Fig. 5, 
which shows the sample clamped in a vise to 
approximate fixed-free boundary conditions. 
 

 
Figure 5. Experimental setup. The rib was machined 
to reduce the thickness and the receptance was 

measured for multiple 𝐿2 values. 
 

 
Figure 6. Photograph of machined sample 
(dimensions in mm). 
 

Direct receptance measurements were performed 
at the sample’s free end. The length of the reduced 
thickness section, 𝐿2, was changed by machining, 
where a 1.50 mm diameter two-flute solid carbide 
endmill (approximately 10 mm stickout length) was 



used (0.010 mm/tooth, 11000 rpm). The cutting flutes 
were ground away above the selected axial depth to 
avoid contact between the vibrating tool and 
machined surface. The beam thickness was reduced 
from 1 mm (𝑡1 from Fig. 1) to 0.5 mm (𝑡2) in 0.025 mm 
axial steps with a radial depth of 0.50 mm. 
Measurements were performed after the desired 
reduced thickness length was obtained. A photograph 
of a machined sample is displayed in Fig. 6.  

The variation in natural frequency, 𝑓𝑛, with 𝐿2 is 
provided in Table 3 for the two sample orientations. 
Note that the natural frequencies differ; the higher 
values are associated with the 0 deg sample that had 
the higher modulus in the flexible bending direction. 
 
Table 3. Variation in measured natural frequencies 

with 𝐿2 for both sample orientations. 

0 deg 90 deg 

𝐿2 (mm) 𝑓𝑛 (Hz) 𝐿2 (mm) 𝑓𝑛 (Hz) 

0 1874 0 1777 

1.27 1970 1.27 1879 

2.54 2074 2.54 1989 

3.81 2163 3.81 2109 

5.08 2240 5.08 2114 

6.35 2296 6.35 2289 

 

 
Figure 7. Comparison of measured and predicted 
natural frequencies. The variation in natural 

frequencies with 𝐿2 is provided for both sample 
orientations. 
 

A comparison between measured natural 
frequencies and RCSA predictions is displayed in Fig. 
7, where the RCSA natural frequencies were 

identified from the predicted receptances using peak-
picking [3]. An interesting trend is revealed by the 
simulation. It is observed that the natural frequencies 
first increase and then decrease as additional 
material is removed. The initial increase is obtained 
due to the mass removal without significant change in 
the fixed-free beam stiffness. With additional material 
removal, however, the beam stiffness decreases 
dramatically and the natural frequency decreases 
despite further mass removal. 
 
CONCLUSIONS 
An analytical approach was presented for predicting 
thin rib, fixed-free beam dynamics with varying 
geometries. The method was based on receptance 
coupling substructure analysis (RCSA). The effect of 
workpiece material anisotropy on receptance was 
investigated by choosing two different sample 
orientations within two CMSX-4 nickel superalloy 
plates. Separate free-free impact testing 
measurements verified the difference in elastic 
moduli between the two directions. 

The outcome of both predictions and experiments 
was that the receptances differed between the two 
orientations (0 deg – flexible bending direction 
perpendicular to the solidification direction and 90 
deg – parallel). The implications for machining are 
that the operating parameters may need to be 
changed depending on the orientation of the rib’s 
flexible direction. For example, the preferred spindle 
speed to avoid chatter for one direction may be 
different than another. The best speeds for chatter 
avoidance are proportional to the natural frequency 
[1]. If the natural frequencies differ, then a stable 
speed for one orientation may be unstable for 
another. Given the RCSA model, however, the 
receptances can be predicted and optimal machining 
parameters may be selected in a pre-process 
manner. 
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