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This paper presents a two degree of freedom (DOF) closed-form frequency domain solution for surface
location error prediction, including both the tool and workpiece flexibility. The cycloidal tool path is
incorporated in the solution and the machined surface geometry is described by combining the tool
path with the tool and workpiece displacements in two directions. For prediction validation, a two DOF
flexure stage with tunable dynamics was constructed and milling tests were performed over a range of
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1. Introduction

Instability, or chatter, is a well-known limitation to high produc-
tivity for milling operations. Chatter is a self-excited vibration that
occurs due to the closed-loop feedback mechanism in machining
processes. It is possible to avoid chatter vibrations by appropriate
selection of the process parameters (specifically, stable combina-
tions of axial depth of cut and spindle speed for a selected radial
depth) using stability maps that can be constructed using analytical
and numerical methods [1-8]. However, even if stable cutting con-
ditions are selected, surface location error, or workpiece geometric
inaccuracies due to forced vibrations, can still limit productivity.

During stable cutting, the periodic cutting force that exists
due to the inherent interrupted cutting conditions in milling lead
to forced vibrations for the tool and workpiece [9]. The cutting
force, which depends on the machining parameters and tool-work
material combination, causes the tool and workpiece to deflect.
This time-dependent displacement depends on both the tool and
workpiece frequency response functions (FRFs) and the excitation
frequency (spindle speed) [10,11]. Due to the phasing between
these vibrations and the time at which the final surface is gen-
erated, the workpiece may be undercut (less material removed
than commanded) or overcut (more material removed than com-
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manded). This difference between the commanded and actual work
dimensions is referred to as surface location error.

Surface location error (SLE) has been studied previously. For
example, Schmitz and Ziegert [11] explored the influence of spin-
dle speed and the tool-holder-spindle-machine assembly FRF on
SLE using time domain simulation. Shirase and Altintas [12] car-
ried out SLE prediction for variable pitch helical end mills. They
observed that variable pitch cutters alter both SLE and stability
behavior. Closed-form frequency domain and harmonic balance SLE
predictions were presented by Schmitz and Mann [10]. The con-
cept was to solve the forced vibration problem in the frequency
domain and then convert back to the time domain for the final
SLE prediction. In 2008, Mann et al. [13] again used the harmonic
balance solution to predict SLE. They included the influence of cut-
ting tool helix angle on cutting force by integration. Temporal finite
element analysis was also employed to predict stability and surface
location error at the same time. Schmitz et al. [14] considered the
effect of cutter teeth runout on SLE in milling. They provided a com-
prehensive time domain simulation, which computed the cutting
force components and tool and workpieces vibrations by consider-
ing the contributions of the tool and workpiece displacements to
the instantaneous chip thickness. The cycloidal motion of the tool
was incorporated. Zapata and Schmitz [ 15] presented a new analyt-
ical “super diagram” by combining SLE and stability limitsin a single
process map. SLE variation along the tool axial due to helix angle
was studied by Bachrathy et al. [ 16]. Kiss et al. provided SLE predic-
tion for a rigid workpiece and flexible tool having multiple degrees
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of freedom [17]. Additional studies have also been conducted using
various analytical and numerical methods to estimate the SLE in
milling operations [18-23]. However, the majority of these prior
efforts have assumed that either the tool or workpiece is flexible,
but not both.

In this paper, the contribution of both tool and workpiece flex-
ibility to SLE in milling is considered in two directions (i.e., the
feed and perpendicular directions within the plane of the cut). The
machined surface geometry is defined by combining the cycloidal
tool path with both the tool and workpiece displacements. These
displacements are calculated using the closed-form frequency
domain solution developed by Schmitz and Mann [10], but in two
directions. The SLE and average surface roughness are computed
based on the predicted machined surface geometry. The paper
is organized as follows. Section 2 summarizes the closed-form
frequency domain solution for one direction. Section 3 presents
the Fourier representation of cutting force components. Section 4
describes the SLE and average surface roughness prediction algo-
rithm. Section 5 presents the experimental setup used to validate
the SLE predictions. Section 6 provides a comparison between the
frequency domain, time domain, and experimental results. Section
7 discusses the influence of spindle speed on machined surface
geometry. Section 8 concludes the paper.

2. Single direction frequency domain solution

As stated, forced vibrations during stable cutting cause SLE (i.e.,
workpiece geometry error). The workpiece may be undercut or
overcut depending on the cutting conditions and tool-workpiece
flexibility. Fig. 1 demonstrates the undercut case, where less mate-
rial is removed than commanded, for down milling.

The closed-form frequency domain SLE approach [10] is based
on a solution of the forced vibration problem in the frequency
domain. The procedure consists of three basic steps. First, the y-
direction cutting force,F,(w), is described in the frequency domain
using a Fourier series. Second, the y-direction displacement,Y(w), is
computed in the frequency domain by multiplying Fy(w) with the
y-direction tool point FRF, Y(w)/Fy(w). Third, the inverse Fourier
transform of Y(w) = Y(w)/Fy(w) - Fy(w) is computed to obtain the
y-direction displacement in the time domain,y(t). Finally, y(t) is
sampled at the cut entry for up milling or exit for down milling to
define the SLE. In [10], the authors only considered the y-direction
vibrations to predict SLE. In this work, the x-direction vibrations
are also calculated and included in the SLE predictions (Section
4).

Actual surface

Surface
location
error

Fig. 1. Undercut case for down milling.

Fig. 2. Cutting force components for down milling.

3. Fourier force model

The cutting force components must be expressed in the fre-
quency domain to compute SLE using the proposed frequency
domain solution. The cutting force components in milling can be
expressed as shown in Eq. (1) and Fig. 2 [9].

Ft(¢) = kebh() + keeb
Fn(¢) = knbh(¢) + kneb

(1)

InEq. (1), F; and F;, are the tangential and normal direction force
components, b is the axial depth of cut, h is chip thickness,¢ is tooth
angle, and k¢,ky, kee and kpe are the tangential, normal, tangential
edge, and normal edge cutting force coefficients.

The force components in Eq. (1) rotate with the cutting tool.
In order to describe the fixed x and y-direction force components,
the tangential and normal forces are projected into the x and y-
directions using the cutter angle, ¢.

Fx = F; cos(¢) + Fy sin(¢)
Fy = Fesin(¢) — Facos(¢)

(2)

The instantaneous chip thickness in Eq. (1) can be written as
h(¢) = fisin(¢), where f; is the feed per tooth. The x and y-direction
cutting force components are finally written as:

Ne N¢ -
BN g@sinee) - LN g1 - cost2g)-
Fx(¢) =-b = =

N N (3)
ke > _g(9)cos(d) ke Y _g(@isin()
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N¢ Ne T
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ke Y 8@ sin@) + ke Y _g(dr)cos(sn)
o i=1 i=1

where N; is number of teeth and g(¢;) is switching function that
defines if the tooth is in cut (g(¢;) = 1) or not (g(¢;) = 0). All teeth
engaged in the cut are taken into consideration using the summa-
tions in Egs. (3) and (4) (i is the tooth number). The angle of each
tooth can be computed at any instant in time using the expres-
sion: ¢; = wt + (27 /N¢)(i — 1) (rad), where w is the spindle rotating
frequency (in rad/s).

(4)
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Fig. 3. Comparison of cutting force components calculated using time domain sim-
ulation (solid lines) and Fourier series for n = 60 (dash-dot lines).

Since the cutting force components are periodic, they can be
represented by a Fourier series. As an example, the y-direction force
component can be expressed as shown in Eq. (5).

Nt %)
F($)= (ﬂo + (ancos(n¢,-)+bnsin(n¢i))> (5)

i=1 n=1

The Fourier coefficients are ag, an, and by,. The ag term is calcu-
lated using Eq. (6). The integral for a full revolution of the selected
tooth may be divided into three parts using ¢4, the cut entry angle
in down milling or exit angle in up milling. For the down milling
case, the first integral is zero and the middle integral in Eq. (6) is
non-zero due to the switching function (g(¢;) = 1 when the cutter
angle is between the start and entry angles for the selected radial
depth of cut, otherwiseg(¢;) = 0). The final integral is always zero
because a tooth is never engaged for this range of tooth angles. Inte-
gration of the middle term yields Eq. (7) with cut entry to exit limits
from ¢ to 7. In a similar manner, only the first integral is non-zero

for up milling [9].
2 P T 2
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The a, and b, coefficients are computed using Eqgs. (8) and (9),
respectively. The same solution procedure using ¢ is applied here
and the relevant integrals are calculated to obtain the coefficients
for desired number, n, of terms.

2
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In order to incorporate the effect of the helix angle,y, for
the cutter teeth on the cutting force components, the cutting
tool is divided into small axial segments along the tool axis
(z-direction). It is assumed that each segment has a zero helix
angle and the angle between the A segments is x = w rad,
where db is segment length and d is the cutting tool diameter.
In this case, the Fourier series for the y-direction cutting force

A Nt %)
is written as F,(¢) = ZZ (ao + Z(ancos(mﬁi) + bnsin(nqbi))) ,

j=1 i=1 n=1
where ¢; = wt + %,—f(i —1)— x(j — 1). The x-direction force compo-
nent is defined using the same Fourier series procedure. Fig. 3

displays a comparison between the Fourier series representation
of force components for n =60 and the forces obtained using
time domain simulation. The down milling cutting parameters are:
w = 466.667 rad/s (i.e., the spindle speed, £2,is 14000 rpm), f; = 0.1
mm/tooth, y = 0°N; = 4,b = 6 mm, the radial depth of cut, g, is
1mm, k; = 852.6 x 108 N/m2, k, = 322.17 x 10% N/m2, kie = kne =
0 N/m.

As seen Fig. 3, the Fourier series representation adds minor
“ringing” at the discontinuities in the cutting forces because the
piecewise continuous cutting force components are represented
with a continuous signal (Fourier series). This is Gibbs phe-
nomenon.

4. The algorithm

The SLE algorithm is similar to that described in Section 2. How-
ever, in addition to the steps previously defined: 1) the x-direction
displacements are included; 2) both the tool and workpiece FRFs
are used to calculate the x and y-direction displacements; and 3) the
relative displacements between the tool and workpiece are added
to the nominal cycloidal tool path (x and y-direction components
of the tooth motion). The final tool path is used to calculate the
SLE by isolating the machined workpiece surface from the entire
tool path using a trimming algorithm. The SLE prediction steps are
summarized here:

e describe the x and y-direction cutting force components in the in
time domain,Fx(t) and Fy(t), using the cutting conditions

e calculate the discrete Fourier transforms to obtain the cutting
force components in the frequency domain, Fx(w) and Fy(w)

e sum the tool-holder-spindle-machine FRF (i.e., the tool point
FRF) and the workpiece FRF in both the x and y-directions on
a frequency-by-frequency basis:

FRE,_total(@) = FRFy_go0i(@) + FRFx—workpiece(w)

FRFy—total(w) = FRFy—tool(w) + FRFy—workpiece(w)

e compute the frequency domain x and y-direction dis-
placements using Xiotal(@) = FRFy_¢oral(@) - Fx(w) and
Yiotal(w) = FRFy_orq1(@) - Fy(@)

e calculate the inverse Fourier transform of X;y;q (@) and Yo (@)
to obtain Xy (t) and Yo (t) in the time domain

e define the nominal cycloidal tool path and add the x and y-
direction components to X,y (t) and Yo (t)

e isolate the machined surface from entire final tool path using a
trimming algorithm

e predict the SLE using the machined surface geometry.

The nominal tool path x and y-coordinates, Xnom; and Ynom;,
are expressed as shown in Eq. (10), where r is the cutter radius, ¢;
is the tooth angle, j is the tooth number, df = %@ is the incremental
feed during each time step, dt = % (sec).SRis the number of steps
per cutter revolution and £2 is the spindle speed in rpm.

Xnom; = rsin¢; + df (10)
Ynom; = r cos ¢;

The coordinates of the corresponding tooth are calculated by
adding the x and y-direction displacements to the nominal coordi-
nates:

Xj = Xnom; + X;orq) (11)

Y; = Ynom; + yiotal
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Fig. 4. Tool path and the machined surface geometry (heavy solid line).
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Fig.5. Assembly view (top) and section view (bottom) of the two DOF flexure stage.

Fig. 4 displays an example final tool path (X; versus Y; plot) which
includes both the tool and workpiece deflections. From this figure,
the machined surface geometry is isolated using a trimming algo-
rithm (heavy solid line). The SLE is then computed using the mean
of this vector of points and the tool radius. Specifically, SLE = r — 17]
for up milling and SLE = —r — Y] for down milling [9]. Note that +r
is the intended location of the machined surface for up milling and
—r for down milling.

5. Experimental setup

In order to experimentally validate the frequency domain
surface location error predictions, a flexure stage with tunable
dynamics was designed and constructed. The flexure stage was
composed of two parallelogram, leaf type flexures in an orthogonal,
nested orientation; see Fig. 5. The workpiece was mounted on the
upper platen which has flexibility in both the x and y-directions. By
selecting the leaf flexure’s geometry (i.e., length, width, and thick-
ness) and the mass of the upper and lower platens, the stiffness
and natural frequency in both directions can be selected to meet
experimental requirements. In the configuration shown in Fig. 5,

Fig. 6. Solid model of eddy current damper including magnet yoke and conductive
plate.

Gap
adjustment —— @

screw
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‘—_ Belleville
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/

NdFeB

magnets\ Sliding fit

Fig. 7. Exploded view of the magnet yoke assembly detailing the gap adjustment
mechanism.

the geometry of the flexures in the x and y-directions are identi-
cal. However, different flexure geometries for each direction may
be selected so that the dynamic response of the validation platform
varies by direction. This design feature enables milling experiments
to be conducted on a two DOF system where one direction is sig-
nificantly more flexible than the other, for example.

In addition to tunable stiffness and natural frequency, the val-
idation platform incorporates a pair of eddy current dampers to
provide user-selected viscous damping. The damping force pro-
vided by the eddy current dampers can be predicted analytically,
where the damping force is a function of the magnetic field
strength. By varying the gap between the opposing faces of the
magnet yoke assembly, the magnetic field strength and, therefore,
the viscous damping forces are varied. The damping force acts on
a copper conductor which is rigidly fixed to the upper platen; see
Fig. 6. By virtue of the magnetic field orientation and motion of the
upper platen, the viscous damping force acts in both the x and y
directions.

The upper platen, lower platen, and frame are composed of
6061-T6 aluminum and the base plate is composed of 1018 ground
steel to provide a flat mounting surface for the flexure stage. Other
materials include zinc-coated, alloy steel threaded fasteners and
super-conductive 101 copper for the eddy current damper. The
magnet yoke assembly, shown in Fig. 7, houses a pair of opposing,
three-by-three arrays of Neodymium Iron Boron (NdFeB) magnets.
By selecting a ferromagnetic material (i.e., mild steel) for the yoke
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Table 1
Example stiffness calculation for flexure stage considering 4 leaf-type flexures com-
posed of spring steel.

Table 2
Equivalent mass and undamped natural frequency in the x and y-directions for the
high stiffness arrangement.

Flexure geometry

Length Width Thickness Elastic modulus Stiffness
45 mm 35mm 3.175mm 200 GPa 9.83 x 106 N/m
95 mm 35mm 3.175mm 200 GPa 1.04 x 10 N/m

assembly, a magnetic circuit is formed and the magnetic flux lines
are directed in the gap between the magnet arrays. In this manner,
the strength of the magnetic field is enhanced. Additionally, the
magnetic field strength is adjustable by varying the gap between
the magnet arrays. The mechanism for adjusting the gap width,
shown in Fig. 7, is conceptually similar to the vise stop which is
commonly found in machine shops for repeatable workpiece posi-
tioning. The upper plate of the yoke assembly, which is rigidly fixed
to the supporting structure of the flexure stage, houses two 8 mm
dowel pins which are fixed in place by an interference fit. These
dowel pins mate with the lower plate of the yoke assembly via
a sliding fit and a series of Belleville washers provides a spring
force which puts tension on the adjustment screw. The adjustment
screw is accessible when the flexure stage is fully assembled, which
facilitates convenient variation of the viscous damping force.

A thorough treatment of flexure design analysis is given by
Smith [26]. For brevity, a complete derivation of the relevant design
equations is omitted from this paper. However, a summary is pro-
vided. The stiffness of a parallelogram, leaf type flexure,k, where the
force is applied at one-half the length of the leaf flexure is given by:

3
I<=2Ew(7> (12)
where E is the elastic modulus of the flexure material and w,t, and [
are the flexure width, thickness, and length, respectively. The flex-
ure stage was designed to have a variable stiffness depending on
the leaf geometry. Two embodiments of the flexure stage stiffness,
and corresponding leaf flexure geometry, are provided in

. These examples consider a total of four leaf flexures composed
of hardened spring steel. In this case, the stiffness is tuned by vary-
ing the length of the flexure, but in principle the stiffness may be
altered by varying any of the parameters in Eq. (12).

The equivalent mass, meq, and undamped natural frequency,wy
(rad/s), of the flexure stage are given as:

26

ﬁm, (13)

mgq :mp+

k
Megq

wp = (14)
where m, is the total mass of the moving platen, leaf clamps, cop-
per conductors, and fasteners and m; is the mass of the leaf flexures.
Because the two, orthogonal DOFs are in a stacked (i.e., nested)
arrangement, the equivalent masses (i.e., moving masses) are not
the same. When the x-direction, defined in Fig. 5, is set in motion,
there is a larger moving mass. Therefore, for a fixed value of stiff-
ness, the natural frequencies of the x and y-direction vibrations
are different. For the high stiffness arrangement given in Table 1,
the equivalent masses and natural frequencies for the two DOFs
have been calculated and the results are summarized in Table 2. It
is noteworthy that the x-direction, which has a higher equivalent
mass, has a lower natural frequency. If equivalent natural frequen-
cies in the x and y-directions are desired, the mass and stiffness can
be tuned accordingly.

The velocity-dependent viscous damping force is generated by
an eddy current damper and can be calculated analytically. Fig. 6
illustrates the motion (denoted by the velocity components Vy
and Vy) of a nonmagnetic conductor, which is fixed to the upper

x-direction

mp m Meq k fa

3.16 kg 0.23kg 3.33kg 9.83 x 106 N/m 273 Hz

y-direction

my m Meg k fa

2.52kg 0.23kg 2.69kg 9.83 x 106 N/m 304Hz
Table 3
Eddy current damper design parameters.

Parameter Value

o 5.96x107 A/V-m

8 10 mm

B 3400G (0.34T)

S 5.8x1073 m?

o 0.500

Ay -0.234

oy’ —-0.290

platen, relative to the magnet arrays housed within the steel yokes.
Because the relative motion is orthogonal to the magnetic flux
direction, eddy currents are generated within the conductor. The

eddy current density, J , depends upon the conductivity,o, and the

cross product of the velocity,?, and magnetic ﬁeld,E according to
Eq. (15). The viscous damping force is then calculated as the vol-
ume integral of the cross product of the eddy current density and
magnetic field; see Eq. (16). The resulting viscous damping force
acts in the direction opposite the velocity.

7=U(BXE) (15)

E:/(jxg)dv (16)
\%4

The magnitude of the viscous damping force is given by:
F = [08B?S (2 + az)| v=cv (17)

where § is the thickness of the conductor, B is the magnetic field
strength, S is the area of the magnet array,«; incorporates surface
charge effects,a; incorporates end charge effects from the finite
width conductor, and v is the velocity magnitude [27]. This viscous
damping coefficient, c, enables model-based damping prediction
and selection for milling operations. The design parameters for a
single eddy current damper (i.e., the proposed design has two) are
listed in Table 3.

It is important to note that the magnetic field strength is not
constant throughout the magnet array gap. Therefore, the vis-
cous damping coefficient depends on the average magnetic field
strength within the copper conductor. With a nominal magnet
array gap of 12 mm, the average magnetic field strength was mea-
sured to be 0.34 T. For the parameters listed in Table 3 the calculated
value of the viscous damping coefficients for the x and y-directions
are 105(N-s)/mand 83 (N -s) /m, respectively. For the pair of eddy
current dampers, arranged symmetrically about the upper platen,
the total damping coefficients for a nominal magnet array gap of
12 mminthe x and y-directions are210(N-s) /mand 166 (N -s) /m,
respectively.

The corresponding dimensionless damping ratios, ¢, in the x
and y-directions, calculated using Eq. (18), are 0.0184 (1.84%) and
0.0162 (1.62%), respectively. Because the damping ratio depends on
both stiffness and effective mass (both of which are adjustable), the
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«1 0-5 Table 4
— Measured and predicted viscous damping ratios.
< —
E undamped Nominal magnet array gap (mm) Predicted Measured
-~ 0 —12mm N
- 12 (%) 1.84 1.52
© 13mm X
O .2 o 4(%) 1.62 151
o , , mm 13 (%) 1.78 1.28
200 205 210 215 220 Ly(%) 1.56 1.20
14 (%) 1.71 114
Frequency (Hz) 4y(%) 1.50 1.04
= x10° Undamped {x(%) - 0.18
£0 Ly(%) - 0.14
E
> -2
@
£ 4 Table 5
% Modal parameters for flexure and tool.
g -6
= 200 205 210 215 220 Flexure k¢ (N/m) m, (kg) & f, (Hz)
x-direction 5.15x106 1.30 1.22% 316.3
Frequency (Hz) y-direction 5.38x10° 230 1.05% 243.4
- . . . . Tool kg (N/m) m, (kg) & fn (Hz)
Fig. 8. Measured flexure stage FRF showing the effect of viscous damping by varying x-direction 1.76x107 0.040 1.91% 3340
the magnet array gap. y-direction 1.49x107 0.034 1.97% 3331

dimensionless damping ratio can be modified as needed for milling
experiments.

c

{=——— (18)

2. /kmeq

Toillustrate the effect of the eddy current damper, the measured
x-direction FRF for several values of magnet array gap are displayed
in Fig. 8. Measured and predicted viscous damping ratios are given
in Table 4 for representative values of the magnet array gap. It is
observed that the damping is increased by approximately an order
of magnitude through incorporation of the eddy current damper.

6. Surface location error prediction and experimental
results

Down milling surface location error predictions were completed
at spindle speeds ranging from 13350 rpm to 14650 rpm in 10 rpm
increments with: f; = 0.1 mm/tooth, y = 0°,N; = 1,b = 6 mm, and
a = Tmm. The spindle speed range was determined based on the

N
>

Workpiece geometry and dimensions

process stability predicted using the Fourier series approach [3].
Only stable cuts were analyzed because the frequency domain
approach is based on forced vibration. The tool-holder-spindle-
machine FRF (at the tool point) and workpiece FRF represented by
the two DOF flexure were measured by impact testing in both the
x and y-directions using the experimental setup shown in Fig. 9.
The measured FRFs for the tool point and flexure in both directions
were added to find the total compliance (as described in Section 4).
The summed FRFs are displayed in Fig. 10.

A modal fit was performed using the peak-picking method [24].
The results are provided in Table 5. The reader may note that the
flexure FRFs measurements were performed with the workpiece
attached so that its mass was included in the final response. The
corresponding stability map is displayed in Fig. 11, it was generated
using the summed FRFs for a 1 mm radial depth down milling cut.
The 6061-T6 aluminum workpiece cutting force coefficients were:
ke = 852.6 x 10® N/m2, ke = 18.05 x 10% N/m, k; = 322.17 x 10°
N/m2, and kye = 22.04 x 10 N/m. These coefficients were identi-

/ | Insérted

“Workpiecegq endmill

Y 2

< -
J

x4

Fig. 9. Surface location error experimental setup (dimensions are in mm). The FRF measurement locations for the flexure were at the middle edges of the workpiece.
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Fig. 10. Summed FRFs for the x and y-directions. (Top) real part. (Bottom) imaginary part.
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Fig. 11. Stability map including both tool and workpiece flexibility. The spindle
speed, €2, is plotted versus the limiting axial depth of cut for stable performance,
Djim.

fied experimentally for the selected tool-workpiece pair using the
techniques describes in [9] and [25].

For verification of the SLE predictions, seven test points were
selected within the stable spindle speed range identified in Fig. 11.
The other cutting conditions were kept constant while the spin-
dle speed alone was varied (6 mm axial depth of cut, 1 mm radial
depth of cut, and 0.1 mm/tooth feed). The spindle speed defined the
excitation frequency (tooth passing frequency) which modifies the
forced vibration level and, therefore, the SLE. The workpiece was
mounted on the two DOF flexure as shown in. 19. Each workpiece
had four ribs so two total workpieces were used. In the experiments,
a single tooth square inserted endmill (Kennametal model KICR-
0.73-SD3-033.3C) with a diameter of 18.46 mm and a 15° relief
angle (SDCW322 KC725M) was used.

Prior to performing the SLE test cuts on the workpiece, a fin-
ish pass was completed on each side of ribs at an axial depth of
10.16 mm while test workpiece was mounted on the two DOF flex-
ure. This ensured that the workpiece was aligned with the milling
machine coordinate frame. After the finish passes, an SLE test cut
was completed on eachrib at the predefined spindle speeds. The SLE
was measured using a touch-probe coordinate measuring machine
(CMM). The measurement procedure is shown in Fig. 12. Three
scans were performed on each rib: a reference scan 3 mm from the

rib top on the side without an SLE cut (right side of the workpiece
for therightinsetin Fig. 12); areference scan 8 mm from the rib top
on the SLE side, but below the cut; and a measurement scan 3 mm
from the rib top on the SLE cut surface.

Using the three scans, two thickness values were calculated, t;
and ty, as shown in Fig. 12. The reference thickness for the rib is
tr, calculated from the difference between the left scan at 8 mm
and the right scan at 3 mm, and the measured thickness after the
SLE test cut is ty, calculated from the difference between the left
scan at 3mm and the right scan at 3 mm. The difference between
these two is ideally the radial depth of cut, a. The SLE was therefore
calculated using Eq. (19). Note that the points for each scan were
fit by spline interpolation prior to calculating the difference.

SLE = (t; — tm) —a (19)

As an example, the three scanned rib profiles and corresponding
SLE values for the test carried out at 14310 rpm are provided in
Fig. 13. Each scan was started and stopped at the same y location
at a single z height.

To avoid the cut entry and exit transients, the SLE was calculated
using only the steady-state (i.e., central) region of the data shown
in Fig. 13b (between 60 mm and 80 mm). The same steady-state
region was used for all experiments. The final SLE is reported as the
average value from this region.

Predictions were made using time domain simulation and the
new closed-form frequency domain solution and the results were
compared to experiment; see Fig. 14. The negative SLE values
indicate an undercut surface, which means that less material is
removed than commanded for down milling. It is observed that the
time domain [9] and frequency domain solutions closely agree. The
experimental results verify the dramatic change in SLE with spin-
dle speed (>200 pm over a spindle speed range of approximately
200 rpm).

7. Conclusions
This paper presented a closed-form frequency domain solu-

tion to predict surface location errors considering both the tool
and workpiece flexibility in two directions. The calculated tool
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Fig. 12. SLE measurement procedure.
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top on the left side. b) SLE calculated using Eq. (19).
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Fig. 14. Comparison between closed-form frequency domain, time domain, and
experimental results.

and workpiece deflections were added to the nominal cycloidal
tool path and the machined surface profile was extracted from the
sum. A comparison between the frequency domain solution, time
domain simulation, and experimental results were provided for a
range of spindle speeds. Good agreement was observed and the
strong dependence of surface location error on spindle speed was
demonstrated. For the experiments, a two DOF flexure, which rep-
resented the workpiece flexibility, was designed and constructed.
The new frequency domain surface location error solution offers an
analytical alternative to time domain simulation with less compu-
tation time. By combining the surface location error prediction with
stability analysis, optimized cutting parameters can be selected at
the process planning stage.
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